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ABSTRACT OF DISSERTATION
EFFECTIVE FIELD THEORY APPLICATIONS: FROM DARK MATTER TO
NEUTRINO NUCLEON SCATTERING
Weakly-interacting-massive-particles (WIMPs) are a large class of viable dark matter
candidates. We compute cross sections for electroweak-doublet WIMPs scattering
on atomic nuclei, at leading and subleading order using heavy WIMP effective field
theory. Neutrino-nucleon charged current elastic scattering is an important process
in the detectors of long baseline accelerator neutrino oscillation experiments. We
compute QED radiative corrections to this process employing soft-collinear effective
field theory.
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Chapter 1 Introduction
Among the most prominent unresolved puzzles in physics are dark matter nature [1]
and neutrino mass origin [2, 3] problems. We will briefly introduce these two problems
and effective field theories for particles in this chapter. We will employ effective field
theory methods to study particle scattering processes relevant to these two problems
in the following chapters.
1.1 Introduction of Effective Field Theories
Effective field theories are constructed to describe physics at low energies and long dis-
tances where underlying higher energy scale physics can be integrated out. For exam-
ple, heavy particle effective field theory is useful to study atomic bound states, heavy
meson decays [4–7], particularly when we cannot perturbatively solve low energy QCD
but could establish an effective theory based on the power counting ΛQCD/mq  1
for heavy quark systems.
The idea of integrating out the mass M of a heavy particle can be applied to
construct an effective theory at a scale Λ that we are interested in, with Λ/M  1,
when we lack of information from the high energy scale M . We will apply it to
compute dark matter nucleon elastic scattering cross section, treating the dark matter
particle as a heavy particle compared to any Standard Model particles. So even if
we do not know the specific physics beyond Standard Model, we could study its low
energy effects by integrating out the high energy scale M . The high energy scale
information will be encoded in a small set of parameters (Wilson coefficients), like a
multipole expansion of a charge distribution if we measure from a distance.
Soft-collinear effective field theory (SCET) [8–15] like heavy quark effective the-
ory, also originated from heavy meson decays, now has been widely applied to pro-
cesses with energetic or massless final states, including collider jet events [16–18],
electroweak radiative corrections at colliders [19, 20] and in dark matter annihila-
tions [21]. In these problems, the final state energetic particles move along a partic-
ular direction (collinear direction). The transverse momentum p⊥ perpendicular to
this collinear direction is small compared to the hard scales energy E, heavy particle
mass M or momentum transfer Q in the problem. This is an intermediate scale com-
pared to the lowest energy scale in the problem, the soft scale. If we define a power
counting small parameter κ ∼ p⊥/E, then the soft scale is ∼ κ2E. The physics can be
factorized into soft (∼ κ2E) scale, collinear (∼ κE) scale and hard (∼ E) scale, three
parts [22–28]. When we are interested in lower scale physics, we can integrate out the
hard scale and the hard scale physics will serve as Wilson coefficients in the effective
soft-collinear theory. SCET allows for perturbative resummation of large logarithms
using standard operator methods when fixed order calculations are insufficient. Long
baseline accelerator neutrino beams interact with a nucleus target in the detector
producing energetic charged leptons. We will apply SCET to compute the radiative
correction in this process integrating out the non-perturbative hadronic physics.
1
1.2 Introduction to Dark Matter
There has been a missing-mass problem in astronomy observations since 1930s when
F. Zwicky found that a lot more mass than the luminous mass in the Coma clus-
ter needed to bound the individual galaxies with large velocities [29]. It manifests
the need of non-luminous mass to explain the observed curves of rotational veloci-
ties versus distance from the core of the rotational galaxies [30] in the framework of
Newton’s gravity. The existence of the non-luminous mass which we call “dark mat-
ter” is further supported by gravitational lensing effects seen in the optical images of
clusters and quasars [31–33]. The observation of Bullet clusters collision [34] strongly
favors the dark matter existence over the alternative theories such as MOND [35] to
modify the Newtonian gravity, since it exhibits a clean separation of electromagnetic-
interactive matter and gravitationally-interactive matter, and the latter is evidently
the dark matter. From cosmological microwave background (CMB) observation [36],
we can determine the abundance of dark matter is about 26.5% of the whole Uni-
verse’s energy density at current time.
A natural question to ask: what is it? From astronomy evidence, we could infer
that it has some basic properties. First, it must be massive instead of massless.
Second, it doesn’t interact electromagnetically, or could be at most extremely feebly
charged. Third, it should be cold, which means it has a small velocity compared
to the speed of light in order to form gravitational wells such as dark matter halos
around galaxies to hold the luminous matter in. Last, it should be stable and doesn’t
decay within a Hubble time that we could observe about 1016 s.
With the known properties, we still cannot pin-down the exact nature of dark
matter. People investigate the nature of it by studying the phenomenology of a
certain class of dark matter candidates at a particular mass range usually with some
theoretical motivation [37, 38]. It can be as tiny as a fundamental particle, or as
large as a macroscopic stellar object and its mass can vary from 10−22 eV to 1071 eV
[38, 39], see Fig. 1.1.
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Figure 1.1: Dark matter candidates mass spectrum.
Among all the candidates, the Weakly Interacting Massive Particle (WIMP) has
long been considered as a well-motivated dark matter candidate [1, 37, 40–48]. If dark
matter is a fundamental particle and was in thermal equilibrium with other particles
in the early universe annihilating to each other χ̄χ ⇔ ψ̄ψ, we can estimate the
thermal average of cross section times the relative velocity 〈σv〉 ' ρc
mχnχ
10−26 cm3s−1
by solving the thermal equilibrium equation of dark matter particles annihilation-
2
creation against the expansion of our Universe, see details in Ref. [49], where ρc is the
critical energy density of the Universe, mχ is the dark matter particle mass and nχ is






from astronomical observation of CMB, which tells us Ωχh
2 ∼ 0.12 [36]. Then we can
infer that 〈σv〉 ∼ 10−25 cm3s−1. If the dark matter particle is a WIMP, by definition it
interacts with the Standard Model particles via weak gauge bosons by weak coupling
α ∼ 0.01 and yields 〈σv〉 ∼ α2(100 GeV)−2 ∼ 10−25cm3s−1, which coincidentally
provides the exact correct order of magnitude for the thermal cross section that we
determined before by astronomical observation data. This is called a WIMP miracle.
Thus, there are many experiments searching for WIMPs and mainly three types:
collider searches, direct detection experiments and indirect detection experiments.
Collider searches look for signals of dark matter production from standard model
particles via exchange of Standard Model or beyond Standard Model mediators, or
UV-complete models such as supersymmetry or models with rich dark sectors [50].
Indirect detection experiments use astronomy telescopes to detect the stable final
products of dark matter annihilation processes, such as Gamma rays, neutrinos or
cosmic-ray anti-matter [51–55]. Direct detection experiments are fixed targets waiting
for dark matter particles traveling to them and to scatter on them [56–65].
However, with all kinds of experiments going on, WIMPs still remain unde-
tected [66, 67] so far. WIMPs naturally fit in the paradigm of supersymmetric ex-
tensions of the Standard Model [49] yet we have not found evidence at the LHC
for supersymmetric particles at the electroweak scale [68, 69]. Within the WIMP
paradigm, the situation is suggestive that new particles are somewhat heavy com-
pared to the electroweak scale, and in particular, MWIMP MW± ,MZ0 . In addition,
in order to produce the observed dark matter abundance, the processes of WIMPs
annihilating into Standard Model particles thermally in the early universe require the
WIMPs’ masses to be at TeV scale [70]. In this mass regime, heavy WIMP effec-
tive field theory becomes a powerful method to study the universal behavior in low
energy WIMP-nucleus scattering processes [71–73], predicting cross sections for dark
matter direct detection experiments that are minimally sensitive to unknown ultra-
violet (UV) physics. In the following chapter 2, we will use heavy WIMP effective
field theory to parameterize the possible interactions of an important class of WIMP
candidates with the Standard Model and compute the cross sections in the direct
detection experiments.
1.3 Introduction to Neutrino Oscillation
Neutrinos are massless in the Standard Model. However, in the late 1990’s and early
2000’s, discovery of neutrino flavor changing with time as propagating in space (oscil-
lation) from atmosphere and solar neutrinos experiments [74, 75] provides compelling
evidence that they are massive and a certain flavor neutrino is a mixed state of dif-
ferent neutrino mass eigenstates. It stimulates more experiments to measure the
neutrino oscillation and determine the parameters of its flavor-mass mixing matrix,
Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix [76, 77], including long baseline
3
accelerator experiments [78–84] and reactor experiments [85–89].
Analogous to the quark CKM matrix [90, 91], PMNS matrix is parametrized by
mixing-angles and phases in the leptonic sector. For three flavor neutrinos, there are





c12 c13 s12 c13 s13 e
−iδCP
−s12 c23 − c12 s13 s23 eiδCP c12 c23 − s12 s13 s23 eiδCP c13 s23
s12 s23 − c12 s13 c23 eiδCP −c12 c23 − s12 s13 c23 eiδCP c13 c23

 , (1.1)
where cij ≡ cos θij and cij ≡ sin θij, θij ∈ [0, π/2] and δCP ∈ [0, 2π].
According to current experimental data, there could be two types of mass ordering
for these three states, normal ordering (NO): m1 < m2 < m3 and inverted ordering
(IO): m3 < m1 < m2. Mass hierarchy is defined by ∆mij ≡ m2i −m2j . The experimen-
tal measurement of these parameters has entered a precision era. The parameters θ12,
θ13, mass hierarchies ∆m
2
21 and |∆m232| have been well determined. However, mass
ordering is still unknown, θ23 and δCP have large uncertainties [98]. We yet need
to narrow down uncertainty to determine whether there is non-zero CP-violation or
not. Precise measurement of neutrino oscillations is crucial for us to understand the
physical leptonic sector which is beyond Standard Model. CP-violation information
in the leptonic sector also could help us understand matter anti-matter asymmetry
in our universe.
We will focus on the long baseline accelerator neutrino oscillation experiments and
compute the radiative correction in the detectors. The accelerator neutrino beams are
produced by colliding protons into pions and pions decaying into muon neutrinos at
the source. After the neutrino beam travels a long distance about kilometer order, we
measure the beam at the far detector. The probability of the original muon neutrino
oscillating to an electron neutrino is approximately [99]






















13s13 , ∆ ≡
∆m231L
4Eν
, A ≡ 2EνV
∆m231
, (1.3)
with L being the baseline distance, V being the effective earth matter potential, the
upper sign in “±” or “∓” denoting neutrino process and the lower sign denoting
anti-neutrino process.
We measure the muon neutrino and electron neutrino numbers arriving at the far
detector by their event rates and compare with the conversion probability Eq. (1.3)
1Majorana neutrinos have two other phases in addition to δCP compared to Dirac neutrinos, but
they don’t contribute to the neutrino oscillations [92–97].
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to determine the PMNS matrix parameters. In order to obtain precise results from
the neutrino oscillation experiments, it is important to compute the cross sections
and cross section ratios between different flavors of events correctly, thus obtaining
correct fluxes of different flavor neutrinos from their event rates. The charged cur-
rent neutrino nucleon elastic scattering is the dominant process in the detector for
accelerator beam energy at about GeV order. The charged lepton final state particles
like electrons radiate and the energetic photons will form a cone around the charged
lepton, resulting jet-like events. These jet observables exhibit large logarithms as
α log2 (Eν/m) where Eν is neutrino energy ∼ GeV scale and m is electron mass. We
will apply soft-collinear effective field theory to separate scales in this problem and
evolve from high scale to low scale by renormalization group evolution to account for
leading logarithms at all orders, reducing uncertainty of fixed order calculations.
1.4 HQET and SCET Construction
A particle is a representation of our spacetime symmetry Poincaré group. The little
group [100] of Poincaré group is the three dimensional rotation group for a massive
particle and the two dimensional Euclidean group for a massless particle. It leads to
the heavy particle effective theory parametrized by a timelike vector vµ with v2 = 1
for a massive particle with momentum pµ = Mvµ, and soft-collinear effective field
theory parametrized by a lightlike vector nµ with n2 = 0 for a massless particle with
momentum pµ = Enµ.
We can construct Lorentz-invariant effective theories on the particle fields trans-
formation properties under their little groups from a bottom-up approach [101] if we
do not know the UV theory.
To give a sketch of how these effective theories look like, we provide the follow-
ing derivation for heavy quark effective Lagrangian (HQET) and collinear fermion
effective Lagrangian (SCET) from known relativistic Lagrangians.
For a heavy fermion field ψ with mass M and velocity v, it is useful to do the
decomposition
ψ = e−iMv·x(ψv + Ψv) , (1.4)
with /vψv = ψv and /vΨv = −Ψv, which allows us to expand the Lagrangian in powers
of 1/M .
The relativistic Lagrangian L = ψ̄(i /D−M)ψ, with the covariant derivative Dµ =




M(/v − 1) + i /D
]
(ψv + Ψv) . (1.5)
We decompose the covariant derivative as Dµ = vµv ·D+Dµ⊥, along and perpen-
dicular to velocity direction, and Eq. (1.5) reduces to
ψ̄v(iv ·D)ψv + ψ̄vi /D⊥Ψv + Ψ̄vi /D⊥ψv − Ψ̄v(2M + iv ·D)Ψv . (1.6)
Equation of motion of Ψ̄v field yields
Ψv =
i /D⊥ψv
2M + iv ·D , (1.7)
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which is suppressed by the heavy mass M .
Taking the solution of Ψv Eq. (1.7) back to the Lagrangian Eq. (1.6), we obtain
the heavy fermion effective Lagrangian
LHQET = ψ̄v(iv ·D)ψv + ψ̄vi /D⊥
1
2M + iv ·Di
/D⊥ψv . (1.8)
In this way, we have integrated out the anti-particle component Ψ, and at 1/M
order the effective Lagrangian is
ψ̄v
(















We can work in this low energy effective theory Eq. (1.9) in terms of the field ψv
and all the high energy M -scale physics will be suppressed by powers of 1/M .
For a massless particle with momentum p, decomposing it into n-direction with
nµ = (1, 0, 0, 1), n̄-direction with n̄µ = (1, 0, 0, −1) and a direction perpendicular




(n̄ · p)n+ 1
2
(n · p)n̄+ p⊥ , (1.10)
where n2 = n̄2 = 0, n · n̄ = 2.
We decompose the original field ψ into collinear (n-direction) and anti-collinear
(n̄-direction) components,
ψ = ξn + ξn̄ , (1.11)
where the collinear and anti-collinear fields statisfy
/n/̄n
4
ξn = ξn, /nξn = 0 ,
/̄n/n
4








(n · iD) + /n
2












ξn̄ + ξ̄ni /D⊥ξn̄ + ξ̄n̄i /D⊥ξn . (1.13)
Taking equation of motion of ξn̄ from Lagrangian Eq. (1.13), we obtain
/n
2
n̄ · iDξn̄ = −i /D⊥ξn . (1.14)
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n̄ · iDξn . (1.15)












We can work in the effective theory Eq. (1.16) for the collinear fermion, and the
anti-collinear field has been integrated out. The gauge bosons are also massless and
we could also construct an effective collinear Lagrangian for them, which we leave
the detailed discussions to Chapter 3.
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Chapter 2 Heavy WIMP Nucleus Scattering
2.1 Introduction
As discussed in chapter 1, WIMP is a well-motivated candidate and likely has a
heavy mass compared to the electroweak scale. Explicit calculations in heavy WIMP
effective theory [72, 73, 102] for WIMP nucleon elastic scattering reveal an amplitude
level cancellation [71, 102, 103] that results in cross section predictions for electroweak
triplet (Wino-like) and electroweak doublet (Higgsino-like) WIMPs that are below the
sensitivity of current direct detection experiment [104]. Such particles thus remain
as viable dark matter candidates but it is important to understand whether naively
subleading effects could alter the predicted cross section and hence their experimental
observability.
To improve the leading order calculation and to compare with next-generation
experiments [56–58, 105] approaching the neutrino background which is unavoidable
in these direct detection experiments [106], we consider subleading effects from the
following sources. First, 1/M power corrections in the heavy WIMP expansion de-
pend on the specific representation of electroweak SU(2)W × U(1)Y symmetry, and
on the detailed UV completion of the WIMP theory. For the case of electroweak
triplet, power corrections for the pure Wino-like case were themselves found to ex-
hibit a surprising level of cancellation [107], yielding a cross section prediction for
low velocity WIMP-nucleon scattering of σ ∼ 10−47 cm2, for M & 500 GeV. Given
that Higgsino-nucleon scattering suffers an even more severe amplitude cancellation
compared to the Wino case [73], it is important to study the power corrections in
this case. We also explore the consequences of structure beyond the pure Higgsino
limit. Second, a complete accounting of nuclear effects can potentially alter the pre-
dicted direct detection event rate compared to simple models that apply a nuclear
form factor to the single nucleon cross section. Since the cancellation occurs between
single nucleon matrix elements of scalar and tensor currents, nuclear effects could
be effectively enhanced by impacting the scalar and tensor currents differently. We
estimate the impact of such nuclear effects for both triplet and doublet cases, employ-
ing a recent model that incorporates constraints of chiral symmetry and multibody
interactions [108, 109].
2.2 Heavy WIMP Effective Field Theory
2.2.1 Electroweak Symmetric Heavy WIMP Effective Lagrangian
Heavy WIMPs with mass M large compared to the electroweak scale mW may be
described using an effective theory expanded in powers of 1/M . Each order is con-
structed from Lorentz and gauge invariant operators built from Standard Model fields
and the heavy WIMP field; the latter transforms as an SU(2)W×U(1)Y multiplet and
is denoted by χv. We consider the WIMP to be a self-conjugate particle here versus
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a Dirac fermion which is disfavored by phenomenology. For a heavy self-conjugate
particle the Heavy WIMP Effective Theory (HWET) Lagrangian up to 1/M order
takes the following form in the one-heavy particle sector (cf. Refs. [71, 107]):
LHWET = χ̄v
[








+ . . .
]
χv , (2.1)
where vµ is the heavy WIMP velocity with v2 = 1. The covariant derivative is
Dµ = ∂µ − ig1Y Bµ − ig2W aµ ta and Dµ⊥ = Dµ − vµv · D. Dimension five operators
χ̄vf(H)χv and χ̄vg(W,B)χv describe WIMP interactions with the Higgs field H and
with the electroweak field strengths Wµν and Bµν , respectively. δm is a residual mass,
which can be chosen by different field redefinitions for convenience.
Let us consider a Standard Model extension whose particle content consists of a
Dirac fermion WIMP ψ transforming as an SU(2) doublet with hypercharge Y = 1/2.
This situation may arise in models with supersymmetry [49, 110, 111] and extra
dimensions [112]. Related models involve scalars [113, 114].
We anticipate the splitting of mass eigenstates into Majorana components af-
ter electroweak symmetry breaking, and construct the higgs interaction term in the
Majorana basis. Explicitly, Higgs field H and left-handed Dirac fermion ψL are fun-
damental representations of SU(2) with hyper charge Y = 1/2 under U(1) denoted
as (2, 1/2), and ψ′L is a conjugate representation (2̄, −1/2). They transform under
SU(2)W × U(1)Y as follows,
H → eiα·τeiβYH ,




ψR → eiα·τeiβY ψR ,
ψcR → e−iα·τ
∗
e−iβY ψcR , (2.2)
where τ i = 1
2













and ψR ≡ iσ2ψ′∗L , ψcR ≡ iσ2ψ∗L. Note that the explicit σ2 acts as a generator in the
































































where c1, c2, c3, c4, c5 and c6 are complex coefficients.










































6 are complex coefficients.




(ψ + ψc), χ2 =
i√
2





















is the relativistic field mapping onto the heavy particle field
χv in Eq. (2.1).
Note that the original SU(2)W ×U(1)Y generators T a in the (ψ, ψc) basis and the




















τa − τaT −i(τa + τaT )

















T̂ a ≡ 1
2
(
τa − τaT −i(τa + τaT )




where a = 0, 1, 2, 3, τ 0 = 1
2
1 and τ i = 1
2
σi, σi are Pauli matrices. Note that T 0 is the
generator for U(1)Y and we combine it with SU(2)W generators for compactness of
notation.





and the Higgs interaction term f(H) in Eq. (2.1) takes the form
f(H) =
(
aRe(HH†) + Re(bHHT ) + cH†H aIm(HH†)− Im(bHHT )




where the real parameters a and c, and the complex parameter b, can be determined
by matching with a specific UV theory.












a = i[Dµ, Dν ] and Dµ = ∂µ − ig1W 0µ T̂ 0 − ig2W iµT̂ i.




µνχcj = −χ̄jσµνχi, so
the diagonal terms in the first term of Eq.(2.16) vanish, which means we can omit
a = 2 term that has nonzero diagonal elements. Then the Lagrangian is C-invariant.
If we keep a = 2 term, by the property of Majorana fields χ̄iσ
µνχi = 0, they still





5σµνχi for the second term
of Eq.(2.16), which means the off diagonal terms should vanish so the only surviving
terms is a = 2 term.

























































where cw1 and cw2 are complex coefficients to be determined by UV theory.
The g(W,B) term contains σµν and therefore contributes to the spin-dependent
process of WIMP nucleon scattering. Although the spin-independent amplitude suf-
fers a severe cancellation at leading order in 1/M expansion, the spin-dependent
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amplitude vanishes at leading order. Since it lacks the coherent enhancement of
the spin-independent amplitude, this contribution is expected to remain numerically
subdominant in the total direct detection rate. In the following, we focus on the spin-
independent process and neglect the field strength interaction term g(W,B), which
only contributes to spin-dependent scattering.
2.2.2 Mass and Charge Diagonalization after Electroweak Symmetry Break-
ing





















In the basis of χ =
(



























where we have defined b ≡ b1 + ib2 and b1, b2 are real parameters.
Diagonalize the mass matrix Eq. (2.21) and we get eigenvalues




λhigh, low = λmid +
v2
2M









































where we have the parametrization of b1 = |b| cos θ and b2 = |b| sin θ.










P−1[δm+ f(〈H〉)]P = diag (λmid, λhigh, λmid, λlow) . (2.26)
Then P−1χ is the mass eigenstate basis. Let’s convert it into an electric charge

























































































iv · ∂ + eQv · A+ g2
cos θW
v · Z(T̃ 3 − sin2 θWQ) +
g2√
2
v · (W+T̃+ +W−T̃−)













where v is the velocity.
In the diagonal basis hv, by field redefinition we could set the residual mass δM




diag (2|b|, 0, |b| − a, |b| − a) , (2.32)
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The Lagrangian after EWSB is
L = h̄[iv · @ + eQv · A + g2
cos ✓W
v · Z(T 3   sin2 ✓W Q) +
g2p
2












In the diagonal basis h, set the residual mass  M for the lightest neutral constituent hlow0 to be zero,




diag(2|b|, 0, |b|  a, |b|  a) (25)
Q = diag(0, 0, 1, 1) (26)





0 i 0 0
 i 0 0 0
0 0 1  2 sin2 ✓W 0










0 0 0 1
0 0 0 i
 1  i 0 0










0 0  1 0
0 0 i 0
0 0 0 0
1  i 0 0
1
CCA (29)











We get the interaction between the WIMP and the higgs boson. Particularly, we have the three point
interaction
= i vM c̃H
4Figure 2.1: Feynman rule for 3-point interaction vertex involving the physical Higgs
boson h (dashed line) and the lightest electrically neutral Majorana fermion compo-
nent of the Higgsino field, hlow0 (double line). The encircled cross denotes insertion of
a 1/M effective theory vertex.





0 i 0 0
−i 0 0 0
0 0 1− 2 sin2 θW 0










0 0 0 1
0 0 0 i
−1 −i 0 0










0 0 −1 0
0 0 i 0
0 0 0 0
1 −i 0 0

 , (2.36)
where θ is an arbitrary phase.











which we denote their interaction as f(φ) in Eq. (2.31) and we obtain the interac-
tion between the WIMP and the higgs boson. Particularly, we have the three point
interaction in Fig. 2.1, where c̃H ≡ −(a+ c− |b|).
Loop radiative corrections also modify the tree-level mass matrix Eq. (2.32). We
consider one-loop radiative correction Fig. 2.2 to the mass of each mass eigenstate by
Feynman rules of effective Lagrangian Eq. (2.31),






v · (p+ k)− δ + i0
−i



















δ − v · k√





− 4(δ − v · k) +O(ε)
}
· h̄jvhjv . (2.38)
where j labels the external particle state, i = W, Z, γ labels different gauge bosons
and δ is the tree-level residual mass of the internal propagator. The gauge group






















where J is the isospin for a certain SU(2)W representation and Y is the hyper charge
of U(1)Y . For the Higgsino-like doublet case, J = 1/2 and Y = 1/2. For the Wino-like
triplet case, J = 1 and Y = 0.
The mass correction ∆mj to a mass eigenstate h
j









Explicitly, for a Higgsino-like particle, evaluating Eq. (2.38), making use of |δ −




















































(yWmW + yZmZ) , (2.41)
where yW = 1/2 and yZ = 1/(4 cos
2 θW ).




























(yWmW + yZmZ) , (2.42)
where yW = 1/2 and yZ = (1− 2 sin2 θW )2/(4 cos2 θW ).











































(yWmW + yZmZ) , (2.43)
where yW = 1/2 and yZ = 1/(4 cos
2 θW ).
The 1/M order terms in the mass corrections Eq. (2.41), Eq. (2.42), Eq. (2.43) are
suppressed compared to the gauge boson mass terms and the charged states receive
a higher mass correction relative to the neutral states,
∆± −∆0 = 1
2
α2 sin
2 θWmZ , (2.44)
and the neutral lightest state remains the lightest state.
W/Z/γ
Figure 2.3: Electroweak radiative correction self-energy diagram for WIMP mass
eigenstates at UV scale.
We can also compute the radiative correction at UV scale before matching onto
a low energy effective field theory, which modifies the mass matrix at leading order.
These radiative corrections are mainly contributed by electroweak gauge interactions






[(p+ L)2 −M2 + i0] (L2 −m2i + i0)
(2.45)
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The mass correction to each state is






dx2(1 + x) log
[







yW = 1/2 , yZ = 1/(4 cos
2 θW ) , yγ = 0 . (2.47)
For charged states,
yW = 1/2 , yZ = (1− 2 sin2 θW )2/(4 cos2 θW )) , yγ = sin2 θW . (2.48)
The charged states gain a higher mass correction over the neutral states by
∆± −∆0 = Mα2
π
[




dx2(1 + x) log
[







When mZ M , ∆±−∆0 is positively approaching zero. Since ∆±−∆0 ∼ α2M ,
it is still much greater than 1/M order tree level correction (|b| − a)v2/(2M), which
is of order α22v
2/M , as we will see in the Section 2.3. Thus, the state hlow0 remains
the lightest state.
2.3 Illustrative UV Completion
To investigate the impact of additional UV structure from coupling c̃H , we consider a
simple illustration where, in addition to the Dirac doublet ψ of mass M , the Standard
Model extension includes another SU(2) multiplet with a mass greater than M [102,
115]. For example, consider an SU(2) triplet Majorana fermion χ′ with mass M ′ 
M . The renormalizable Lagrangian is
LUV = LSM + ψ̄(i /D −M)ψ +
1
2
χ̄′(i /D −M ′)χ′ − 1
2





, with χ1 = (ψ + ψ
c)/
√










†σ −HT σ̄ i(−HT σ̄ −H†σ)
−σ̄H∗ + σH 02 02









T σ̄ +H†σ) H†σ −HT σ̄
−i(σH + σ̄H∗) 02 02
−σ̄H∗ + σH 02 02

 , (2.51)
where σ = (σ1, σ2, σ3) and σ̄ = −(σ1T , σ2T , σ3T ).
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Figure 1: Matching condition for the coe cients in the EFT for UV theory consisting of the Standard
Model plus SU(2)W -doublet Majorana fermion   and singlet b. Solid lines denote   and b (propagator of
the third diagram on the LHS) , dashed lines denote SM Higgs doublet, zigzag lines denote SU(2)W⇥U(1)Y
gauge fields. Matching is performed in the electroweak symmetric theory. Double lines on the RHS denote
heavy WIMPs and the encircled cross denotes insertion of a 1/M e↵ective theory vertex.
4 Matching from UV theory to e↵ective theory


























































In both cases, the relevant combination is



















Figure 2.4: Matching condition for the coefficients in the EFT for UV theory con-
sisting of the Standard Model plus SU(2)W -doublet Majorana fermion χ and another
Majorana multiplet χ′. Solid black lines denote χ and blue line denotes χ′ (propa-
gator of the third diagram on the L.H.S) , dashed lines denote SM Higgs doublet,
zigzag lines denote SU(2)W ×U(1)Y gauge fields. Matching is performed in the elec-
troweak symmetric theory. Double lines on the R.H.S denote heavy WIMPs χv and
the encircled cross denotes insertion of a 1/M effective theory vertex.







0 H† +HT i(HT −H†)
H +H∗ 02 02








0 −i(HT −H†) HT +H†
−i(H −H∗) 02 02
H +H∗ 02 02

 . (2.52)
By matching the UV theory Eq. (2.50) to the effective theory Eq. (2.1) , we can
determine the 1/M order coefficients in the effective theory. It’s convenient to do the
matching in the electroweak symmetric phase and we show the matching diagrams
in Fig. 2.4 for a singlet χ′ case. In the electroweak symmetric phase, we could choose
δm = 0 in Eq. (2.1) and the loop diagrams on the EFT side (RHS) vanish in dimen-
sional regularization since they are scaleless but dimensionful. The only surviving
diagram on the EFT side is the last diagram.




iHj, where α, β = 1, 2 are indices
for two Majorana fermions χ1 or χ2, m, l = 1, 2 are indices for two components of
each Major na fermion χα, and i, j = 1, 2 are indices for the two components of
Higgs doublet. On the L.H.S, when the first diagram contains two W fields exchange,












J(J + 1)δαβδmlδij , (2.53)
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where T̃ a and τa are defined in Eq. (2.14), a, b = 1, 2, 3.































ml (−δα1δβ2 + δα2δβ1) , (2.54)
where a, b = 1, 2, 3.














Thus, working out all the Feynman rules and the first diagram of L.H.S contributes




































ml (−δα1δβ2 + δα2δβ1) Iloop , (2.56)











(3− 2ε) , (2.57)
with d = 4− 2ε.
Similarly, for the second diagram on the L.H.S, we can work out the group factors





















l2 + x2(2− x)M3
























= 0 . (2.58)
For the third diagram on the L.H.S, we could fix α = β = 1 and when χ′ is a










2)(σ̄miσ̄jl + σmj · σil)
i
M ′ −M , (2.59)
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2)(σ̄miσ̄jl − σmj · σil)
1
M ′ −M , (2.60)




iHj, we could choose m = l = i = j = 1
for simplicity and the coefficient is
− i
M
(a+ c) , (2.61)




iHj, the coefficient is
a
2M
(δmjδil − δmiδlj) (2.62)




iHj when m = l = i =










− (κ21 + κ22)
M
M ′ −M , (2.63)
where α2 = g
2
2/(4π), and θW is the weak mixing angle.
















M ′ −M . (2.64)













− 2(κ21 + κ22)
M
M ′ −M . (2.65)




i Hj to extract the




(κ22 − κ21 + 2iκ1κ2)(σmiσ̄jl + σmjσ̄il)
i
M ′ −M . (2.66)





(δmiδlj + δmjδil) . (2.67)
Identify Eq. (2.66) and Eq. (2.67) and we obtain
b = (−κ21 + κ22 + 2iκ1κ2)
M
M ′ −M . (2.68)
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Thus, after matching we obtain all parameters a, b and c and the relevant coeffi-
cient











M ′ −M . (2.69)











− (κ21 + κ22)
M
M ′ −M , (2.70)
b = (−κ21 + κ22 + 2iκ1κ2)
M

























M ′ −M . (2.73)
2.4 Weak Matching
In order to compute the cross section for dark matter direct detection at the nuclear
level, we need match and evolve the electroweak scale effective theory of the WIMP
specified in Eq. (2.1) to lower energy scales. In a first step we integrate out weak scale
particles W±, Z0, h, t and Nambu-Goldstone bosons where we work in the Feynman
t’Hooft gauge, and match to an effective theory consisting of five-flavor QCD, and
the following effective interactions of the WIMP with quarks and gluons:1





















where the spin-0 and spin-2 quark and gluon operators are





















We neglect operators of higher dimension that are suppressed by powers of hadronic
scales times 1/mW where mW is the mass of W
± bosons. Here d = 4 − 2ε is the
spacetime dimension, D− ≡
−→
D −←−D , and curly brackets around indices denote sym-
metrization. We collect the Feynman rules of effective field theory Eq. (2.1) for
matching to the five-flavor QCD Eq. (2.74) in Appendix A.
1We restrict attention to elastic scattering. Inelastic scattering [116] could be investigated by









Figure 2: Diagrams contributing to up to 1/M quark matching, with the same notation as in Fig. 1
except that the zigzag lines are symmetry broken gauge bosons. Diagrams with crossed W lines are not
displayed.
6 Matching below electroweak scale
Integrating out the weak scale, matching to five-flavor QCD scale e↵ective theory up to 1/M  order,
L = h̄low0 hlow0 {
X
q=u,d,s,c,b
[c(0)q O(0)q + c(2)q vµv⌫O(2)µ⌫q ] + c(0)g O(0)g + c(2)g vµv⌫O(2)µ⌫g } (41)





























































































































4(144y6t   70y4t + 9y2t   2)
3(4y2t   1)3
6
Figure 2.5: Diagrams contributing to up to 1/M quark matching, with the same
notation as in Fig. 2.4 except that the zigzag lines are symmetry broken gauge bosons.
2.4.1 Quark Operators Matching
The matching diagrams for quark operators are shown in Fig. 2.5. Note that all
the diagrams involving Nambu-Goldstone bosons are suppressed compared to the
diagrams present in Fig. 2.5. All other particles are treated as massless except the
weak scale particles W±, Z0, h, t.
Let us compute each diagram of Fig. 2.5 explicitly. First, notice that except for
diagram (q2), the other diagrams contain two gauge bosons and they give universal
loop integral results with different group factors by different electroweak multiplets
(J, Y ) with isospin J for SU(2)W and Y being hyper charge.







J(J + 1)− Y 2
)
≡ 2fW . (2.76)
For two Z0 bosons exchange diagrams, the group factor is
(
T̃ 3 − sin2 θWQ
)2
WIMP WIMP
= Y 2 ≡ fZ . (2.77)
Particularly, for a Wino-like particle fW = 2, fZ = 0, and for a Higgsino-like particle,
fW = 1/2, fZ = 1/4.
22
We neglect small corrections from |Vtd|2 and |Vts|2, u and c quarks have the same
coefficients, as do d and s quarks through all the weak matching calculations.







































· h̄low0 hlow0 O(0)q . (2.78)







































· h̄low0 hlow0 O(0)q . (2.79)
The diagram (q2) is



















· h̄low0 hlow0 O(0)q . (2.80)












µν − vµvν) i

















= 0 , (2.81)
where we used (gµν − vµvν)vν = 0.
Similarly, the diagram (q3) with two Z0 bosons vanishes. The diagram (q4)
vanishes for the same reason.













p2 − (p · v)2



























































































Thus, we have (q5)WW + (q6)WW = 0, and similarly, (q5)ZZ + (q6)ZZ = 0 for two
Z0 bosons diagrams. So diagram (q5) and (q6) cancel each other.
The diagrams (q7) to (q15) contribute to the quark spin-2 operator. Since there
is a quark in the loop, we need to distinguish the situations whether the loop quark
is top quark or not.
For diagrams (q7) and (q8) with two W± bosons exchange , when the external
quark is a bottom quark, the internal quark is a top quark whose mass should be
taken into consideration. When the external quark is not a bottom quark, the internal
quark is considered massless.













































































































(1− γ5)q , (2.86)
where we have neglected quadratic suppressed terms q2 = m2q for small external quark
mass mq and define xt ≡ mt/mW .
For the diagram without top quark in the loop, we set the top mass mt to be zero































(1− γ5)q . (2.87)




































































V = 1− 83 sin2 θW , c
(D)
V = −1+ 43 sin2 θW , c
(U)
A = −1, c
(D)
A = 1 with U denoting
up-type quarks, D denoting down-type quarks and the sum after loop integration is











































































The diagram (q9) with two W± bosons and without top quark in the loop is
equivalent to setting the top quark mass zero in Eq. (2.91) and evaluate the loop
integral.




























































p2 −m2W + i0
)2
. (2.93)











−v · p+ i0
ig2
2M cos θW
















p2 −m2Z + i0
)2
. (2.94)
















































v · p+ i0
ig2
2M cos θW






























[−pµ + (p · v)vµ]
i

































[−pµ + (p · v)vµ]
i
































[pν − (p · v)vν ]
i

































[pµ − (p · v)vµ]
i

































p2 − (p · v)2





































p2 − (p · v)2

































p2 − (p · v)2




































p2 − (p · v)2





































































4x2t (1− x4t + 4x2t log xt)
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(1− γ5)q , (2.105)
where δDb is a Kronecker delta to indicate whether the down quark is a bottom quark.
























(1− γ5)q . (2.106)
2.4.2 Gluon Operators Matching
The matching for gluon operators are shown in Fig. 2.6. We have gluons attached to
quark loop substructure in all these diagrams and this substructure can be separated
out as a tensor Πµν(L) with the loop momentum L, shown in Fig. 2.7. This tensor
can be calculated in the back-ground gluon field [72, 117], which we review here for
comprehensive understanding of the whole matching process.
(g1) (g2) (g3) (g4) (g5) (g6)
(g7) (g8) (g9) (g10) (g11)
Figure 3: Diagrams contributing to up to 1/M gluon matching, with the same notation as in Fig. 2.
Curly lines denote gluons. Diagrams with both gluons attached to the upper quark line or with one gluon















































































































t   2xt   11)





































8(6x8t   18x6t + 21x4t   3x2t   2)
9(x2t   1)3
log (xt + 1) +












t   312x4t   105x3t   40x2t + 47xt + 98






































Figure 2.6: Diagrams contributing to up to 1/M order gluon matching, with the
same notation as in Fig. 2.5 and curly lines denote the gluons. Diagrams with both
gluons attached to the upper quark line or with one gluon attached to each of the




















mW (1 + xt)
  (12x
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t   104x4t   35x3t + 20x2t + 13xt + 18







































t   3x4t + 4x2t   1)
3(x2t   1)3






















































































  (c(U)2V + c
(U)2
A )
h1  18y2t + 36y4t
(4y2t   1)2
+
8(1  4y2t + 3y4t + 18y6t ) log yt
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t ) log yt
(4y2t   1)3
+




















W )ĉi, xi = mi/mW , yi = mi/mZ and cW = cos ✓W , where i is the









Figure 2.7: Background-field quark loops with three types attachment of two gluons
onto the quark loop, (a): both gluons attached to the lower quark line, (b): both
gluons attached to the upper quark line, (c): one gluon attached to each of the upper
and lower quark lines.
The quark loop with two external sources J(x) and J ′(0) is a two-point function












where iS(q)(x, 0) = 〈T {q(x)q̄(0)}〉, and Γ, Γ′ are notations for general Dirac struc-
tures.
After Fourier Transform, we have
∫




′)(0, x) ≡ S̃(q′)(p′) . (2.109)











In momentum space, the fermion propagators in Eq. (2.110) can be perturbatively



























/p− /q1 − /q2 −m

















































  2(q · v)/v + ( 1 + 2✏)/q
i" Z 1
0





















/q + 2(q · v)/v
i 1 + 4x3t   3x4t + 4x4t log xt




 1 + 4x3t   3x4t + 4x4t log xt
( 1 + x2t )3
 
h
/q + 2(q · v)/v
i 1 + 8x2t   7x4t + 12x4t log xt   8x4t (log xt)2
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i" Z 1
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/q + 2(q · v)/v
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Figure 2.8: Momentum space fermion propagators in a background field, which is
















+ ... , (2.112)



















δ(d)(q) + ... , (2.113)
where higher order terms are in the ellipsis and propagators are expressed in terms
of derivatives of gauge-invariant field strength Gµν in this way.



















































/p− /L+ /q + /q′ −m2
γα
1







































where tA is an SU(3) generator, gs is strong coupling, m1 and m2 denote the lower
line quark mass and upper line quark mass respectively.
As a special case, the background gluon field quark loops in the first line of Fig. 2.6






















































and it vanishes when the quark is massless.
Let us make use of this background field quark loop result by inserting it into the
full diagrams g(1) to g(6) of Fig. 2.6 and evaluate these diagrams.
The diagram (g1) with two W± and two Z0 bosons are readily found by plugging












































































The diagram (g3) and g(4) vanish due to the same reason as vanishing quark
diagrams (q3) and (q4). The sum of diagrams (g5) and g(6) vanishes due to the same
reason as vanishing sum of quark diagrams (q5) and (q6).
Now we proceed to evaluate (g7) to (g11), which contribute to both spin-0 and
spin-2 gluon operators. We project the background gluon field quark loop tensors















where k = a, b, c and “...” denotes components orthogonal to the spin-0 and spin-2
components, irrelevant for our matching.
To identify I
(0)
k (L) and I
(0)




στ , which is
symmetric under ρ ↔ σ, α ↔ τ , anti-symmetric under ρ ↔ α and σ ↔ τ . When it
projects to the spin-0 operator O
(0)
g , it has to be proportional to (gρσgατ−gρτgασ). By
contracting with gρσgατ , we find the proportionality is 1/(d2−d). When it projects to
the spin-2 operator O
(2)µν
g , it has to be proportional to (−gρσO(2)g ατ+gρτO(2)g ασ−gατO(2)g ρσ
+gασO
(2)












−gρσO(2)g ατ + gρτO(2)g ασ − gατO(2)g ρσ + gασO(2)g ρτ
)
+ ... . (2.119)
We apply the decomposition Eq. (2.119) to contract the loop integral tensor in
Eq. (2.114) and obtain the corresponding I
(0)
k (L) and I
(2)
k µν(L), which will be integrals
























k µν(L) . (2.120)
The diagrams in Fig. 2.6 involve two W± or two Z0 bosons exchange currents
entering Γα and Γ′β in Eq. (2.114). We can work out the specific Nαβk expressions in








(1 + ε)(1− ε)
∆2+ε
gαβ









b (W+W+)(L) = 0 ,
N
αβ (0)
c (W+W+)(L) = x(1− x)64(1− ε)
[



























(1− ε)(1 + ε)∆gαβ


































(1− ε)(1 + ε)∆gαβ


































(3− 2ε)(1 + ε)∆2gαβ
+ x(1− x)
[


















































+ (2− ε)x(1− x)(δαµLβ + δβµLα)Lν − x(2− x− ε)LµLνgαβ
]








































− (2− ε)x(δαµLβ + δβµLα)Lν + (1 + x− ε)LµLνgαβ
]






































































































+ (2− ε)x(1− x)(δαµLβ + δβµLα)Lν + x(2− x− ε)LµLνgαβ
]




































































+ (2− ε)x(1− x)(δαµLβ + δβµLα)Lν + (1− x)(1 + x− ε)LµLνgαβ
]



































































αβ + (1− 2ε)(δαµLβ + δβµLα)Lν













where ∆ = (1− x)m21 + xm22 − x(1− x)L2 − i0 and N (S)k (W−W−)(L) = N
(S)
k (W+W+)(−L)
with spin S = 0, 2.














v · L+ i0 +
i












































where Nl = 2 is the number of massless generations of quarks.

































































4y2t − 1)− πyt +









































v · L+ i0 +
i














































8(6x8t − 18x6t + 21x4t − 3x2t − 2)
9(x2t − 1)3
log (xt + 1)
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t − 312x4t − 105x3t − 40x2t + 47xt + 98


















































































































































k (W+W+)(L) . (2.126)




























k (ZZ)(L) . (2.127)









































k (W+W+)(L) . (2.128)













−v · L+ i0
ig2
2M cos θW



















k (ZZ)(L) . (2.129)
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[−Lα + (L · v)vα]
i

























k (W+W+)(L) . (2.130)











[−Lα + (p · v)vα]
i






















k (ZZ)(L) . (2.131)















L2 − (L · v)2























k (W+W+)(L) . (2.132)














L2 − (L · v)2






















k (ZZ)(L) . (2.133)





















k (W+W+)(L) = 0 . (2.134)





















k (ZZ)(L) = 0 . (2.135)
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So there is no contribution to spin-0 gluon matching from 1/M order.
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(U)2
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[1− 18y2t + 36y4t
(4y2t − 1)2
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8(1− 4y2t + 3y4t + 18y6t ) log yt
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t ) log yt
(4y2t − 1)3
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For all the gluon operators matching diagrams, we reduce them to integrals with
two Feynman parameters x and y, then do the double integrals analytically and check
the analytic results by numerical double integrals.
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t − 312x4t − 105x3t − 40x2t + 47xt + 98
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[1− 18y2t + 36y4t
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8(1− 4y2t + 3y4t + 18y6t ) log yt
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The quark and gluon operators will mix through renormalization, and operators be-
longing to the same spin class will remain closed in that class under renormalization.
We review their renormalization and running following procedures in Ref. [73]. For
an operator O
(S)
i with Wilson coefficient c
(S)
i for a certain spin class, we have renor-







j (µ) , c
(S)ren





where S = 0, 2 for our purpose here.
We work out the renormalization matrix Zij in the MS scheme. For spin-0 opera-
tors, the renormalization factors can be obtained to all orders in perturbation theory
41
[118–120] and the result is










where γm = d logmq/d log µ is the anomalous dimension of quark mass, β = dg/d log µ
is the QCD beta function, and detailed perturbative expansion in αs series are in
Appendix B.
Let us compute the spin-2 operators renormalization to 1-loop order.

























where C2(r) = 4/3 for SU(3) .
The quark field strength renormalization factor is











We use background-field method for gluons and the gluon field strength renor-
malization factor is














where C2(G) = 3 and C(r) = 1/2 for SU(3) .
Before we compute the spin-2 renormalization factor Z
(2)
qq , let us define a null
vector Y for convenience and we compute the scalar quantity YµYνO
(2)µν
i instead of
the direct tensor quantity O
(2)µν
i for renormalization of spin-2 operators.
The diagrams contributing to renormalization factor Z
(2)
qq are shown in Fig. 2.9.
+ + +
Figure 2.9: Diagrams contributing to renormalization factor Z
(2)
qq .
The first diagram in Fig. 2.9, i.e. O
(2)µν













= (q̄(Y · q) /Y q)bare . (2.149)















(q̄(Y · q) /Y q)bare . (2.150)










































The diagram contributing to Z
(2)
gq is shown in Fig. 2.10. The spin-2 operator O
(2)µν
g


































gµν (Y · k)2 + k2Y µY ν − (kµY ν + Y µkν) (Y · k)
]
Aaν . (2.153)
Figure 2.10: The diagram contributing to renormalization factor Z
(2)
gq .




























(q̄(Y · q) /Y q)bare . (2.154)










The diagrams contributing to Z
(2)





















































Figure 2.12: Diagrams contributing to renormalization factor Z
(2)
gg .
The fist diagram in Fig. 2.12 contracted by YµYν has been calculated in Eq. (2.153).
44




qq′ = δqq′ , Z
(0)

























































gµν (Y · k)2 − 5
3












6gµν (Y · k)2 + 16
3
k2Y µY ν − 17
3




Thus, combining with the gluon ZA factor Eq. (2.148), the sum of all diagrams in




















Now we have all the Z factors from Eq. (2.145), Eq. (2.152), Eq. (2.157), Eq. (2.155)
and Eq. (2.160) for spin-0 and spin-2 operators in Eq. (2.144), and we list them in
Table 2.1.
The renormalized Wilson coefficients for the quark and gluon operators are given
by Eq. (2.144), plugging the renormalization factors in Table 2.1 and we obtain


























Explicitly, the renormalized Wilson coefficients are
ĉ
(0)
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where the reduced coefficients ĉ
(S)
i are given in terms of the original Wilson coefficients
by c
(S)
i ≡ (πα22/m3W )ĉ(S)i , where i = u, d, s, c, b, g is the index for quark or gluon and
U denotes up-type while D denotes down-type. The strong coupling is denoted by
αs(µ). The mass ratios are defined as xj ≡ mj/mW and yj ≡ mj/mZ where mZ is
the mass of Z0 boson, and j is the index of the specific particle, e.g. j = t stands for
top quark, j = h for Higgs boson. Li2(z) ≡
∑∞
k=1 z
k/k2 is the dilogarithm function.
N` = 2 is the number of massless Standard Model generations. For electroweak
scale matching, light quarks u, d, s, c, b are treated as massless. Also neglecting small
corrections from |Vtd|2 and |Vts|2, u and c quarks have the same coefficients, as do d
and s quarks. We note that our results obey the correct formal limit at small top
quark mass mt → 0 for top quark and gluon coefficients relation c.f. Eq. (2.195) and
Eq. (2.200):




















denotes the massless 6-flavor top quark operator coefficient and c
(S)
g, nf=6
for gluon operator coefficient, by setting Nl = 3 in Eq. (2.162) and treating top quark



























































































































































where Nl = 3.
2.6 Renormalization Group Evolution
Now by taking scale derivatives of Eq. (2.144), we obtain the renormalizaiton group
evolution equations in terms of anomalous dimension γij,
d
d log µ








In the MS scheme, the anomalous dimension is given by taking coupling derivative














and we tabulate the results in Table 2.2.












where we have defined γ′ ≡ ∂γm
∂ log g








qq′ = 0 , γ
(0)





















































d log µ ,
⇒
∫
































⇒ cq(µl) = cq(µh)− 2
cg(µh)
β̃(µh)



































Summing over all flavors of quarks on both sides of Eq. (2.172) and combining










= 0 . (2.174)















































































































[cg(µl)− cg(µh)] = 0 , (2.180)
we obtain
cq(µl) =
3nf + 16r(nf )
3nf + 16
cq(µh) +







2nfr(nf ) + 16
16 + 3nf
cg(µh) , (2.182)








Table 2.3: Renormalization group evolution equation solutions, where β̃ ≡ β/g and







Operator RG running matrix
R
(0)



















































Thus, we obtain the relation between high-scale µh and low-scale µl Wilson coef-
ficients
ci(µl) = Rij(µl, µh)cj(µh) , (2.183)
and the results are listed in Table 2.3.
In order to make predictions about the low-energy dark matter direct detection
experiments, we need to evolve and match the 5-flavor quark and gluon effective
field theory with Wilson coefficients Eq. (2.162) at weak scale to another effective
field theory at a lower energy. At a first step, We evolve the Wilson coefficients
Eq. (2.162) from weak scale about top-quark mass scale ∼ µt to the next lower scale
about bottom-quark mass scale ∼ µb by the running matrix R in Eq. (2.183).
2.7 Heavy Quark Threshold Matching
Now we are at the bottom-quark mass scale with an effective field theory consisting
of only quarks and gluons. For the WIMP-nucleus spin-independent scattering, we
could simplify the picture by considering the coherent contribution of WIMP-nulceon
scattering and leave the nucleus effect discussion to Section. 2.9. Each nucleon could
be treated as a combination of light quarks and gluon. We consider the light quarks
to be u, d, s three flavors and integrate out the heavy quarks c and b, thus eventually
we match the 5-flavor quarks and gluon effective theory to a 3-flavor quarks and gluon
effective theory.
51
When we integrate out a heavy quark with mass mQ in an (nf + 1)-flavor to an
nf -flavor theory, we do the following matching
qnf+1∑
q=q1
c′(S)q 〈O′(S)q 〉+ c′(S)g 〈O′(S)g 〉 =
qnf∑
q=q1




where the bracket 〈...〉 represents taking matrix elements over a nucleon state |N〉.
We can find a solution to Eq. (2.184), expressing nf -flavor theory in terms of
(nf + 1)-flavor theory at the matching scale µQ,
c
(S)




j (µQ) , 〈O′(S)i (µQ)〉 = M (S)ji (µQ)〈O(S)j (µQ)〉 , (2.185)
where i = q1, ..., qnf , g and j = q1, ..., qnf+1, g, so M is an (nf + 1)× (nf + 2) matrix.
The matrix elements 〈O(S)i 〉 are constrained by sum rules of QCD energy-momentum








































〈O(2)µνq 〉+ 〈O(2)µνg 〉. (2.187)
Particularly, after renormalization of Eq. (2.187), the trace of energy-momentum
tensor constrains the spin-0 matrix elements as


























〈O′(0)g 〉 . (2.189)
The traceless part of the renormalized energy-momentum tensor Eq. (2.187) re-
lates the spin-2 matrix elements of nf - and (nf + 1)- flavor theory as
nf∑
q
〈O(2)µνq 〉+ 〈O(2)µνg 〉 =
nf+1∑
q
〈O′(2)µνq 〉+ 〈O′(2)µνg 〉 . (2.190)
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Combining Eq. (2.185) and Eq. (2.189), we obtain the constraints among entries
of the spin-0 matching matrix M (0),

























M (0)gg = 0 , (2.191)
where the subscript “Q” denotes the (nf + 1)-th heavy quark and “q” denotes a light
quark.
Combining Eq. (2.185) and Eq. (2.190), we obtain the constraints among entries
of the spin-2 matching matrix M (2),
1− [(2− nf )δqq′ + nf − 1]M (2)qq′ −M
(2)
qQ −M (2)qg = 0 ,
1− nfM (2)gq −M (2)gQ −M (2)gg = 0 . (2.192)











M (S)n , (2.193)
and we can solve Eq. (2.185) order by order through this expansion.
At leading order, we have solution to Eq. (2.185),
M
(S)
qq′ = δqq′ , M
(S)









gQ = 0 . (2.194)




gQ from Ref. [121], applying constraints
from Eq. (2.191) and we obtain the following M (0) matrix at NNNLO,
M
(0)














































































































































































































































−s is the Riemann zeta function.
For spin-2 matching matrix M (2), we could consider the heavy quark to be an
inactive quark and integrate it out in loops of nf + 1-theory to obtain an nf -theory
with nf active quarks. Matching for M
(2)






Figure 2.13: Diagrams contributing to matching matrix element M
(2)
gQ , with “Q”
denotes the heavy quark.
The diagrams in Fig. (2.13) yield the same loop integrals as that by Fig. (2.11)


























gg is obtained by integrating out the heavy quark Q loop in the







Figure 2.14: Diagrams contributing to matching matrix element M
(2)
gg , with “Q”
denotes the heavy quark.
The loop diagrams in Fig. 2.14 yield the same loop integral as the quark loop
integral computation for the background-field gluon field strength renormalization





















Thus, we obtain the NLO results for spin-2 matching matrix M (2), which also
satisfy the constraint Eq. (2.192).
M
(2)






























qQ = 0 . (2.200)
2.8 WIMP Nucleon Elastic Scattering Cross Section
To compute the cross section for WIMP nucleon scattering from the 3-flavor quarks
and gluon effective theory, we need the Wilson coefficients and nucleon matrix ele-
ments for the operators. The nucleon matrix elements are non-perturbative at GeV
scale, and we will take results from Lattice QCD calculation. The 3-flavor effective
theory Wilson coefficients are obtained by renormalization group evolution and heavy
quark matching from the 5-flavor quarks and gluon effective theory Wilson coefficents
Eq. (2.162).
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2.8.1 Light Flavors Effective Theory
We use the R-matrix Table 2.3 to evolve the coefficients from a high scale to a low
scale and the M -matrix Eq. (2.195) and Eq. (2.200) to integrate the heavy quarks at
a threshold scale. The low energy 3-flavor effective theory Wilson coefficients are
cj(µ0) = [R(µ0, µc)M(µc)R(µc, µb)M(µb)R(µb, µt)]ji ci(µt) , (2.201)
where µ0 is about GeV scale, µq is a scale about the quark mass scale mq, i =
u, d, s, c, b, g, j = u, d, s, g, and R(µb, µt) is a 6 × 6 matrix, M(µb) is a 5 × 6
matrix, R(µc, µb) is a 5 × 5 matrix, M(µc) is a 4 × 5 matrix, R(µ0, µc) is a 4 × 4
matrix. Specifically, we take µt = (mt+mW )/2 = 126 GeV, µb = 4.75 GeV, µc = 1.4
GeV, and µ0 = 1.2 GeV, as in Refs. [73, 107].
To evaluate Eq. (2.201) and obtain cj(µ0) numerically, we expand the β-function
and mass anomalous dimension γm in series of αs(µ, nf ) in Appendix B. Here we
illustrate how we evaluate αs(µ, nf ) at 4-loop order by an iterative method from
Ref. [121],



















− log3 L+ 5
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where L = log (µ2/Λ2), bn = βn/β0 and βn can be found in Appendix B.
In order to determine the scale Λ in Eq. (2.202), we match the 5-flavor αs to its
value at Z0 boson mass scale which is 0.118, and solve equation
αs(mZ , 5,Λ) = 0.118 , (2.203)
which provides a solution for 5-flavor scale Λ5 = 0.208365, αs(mt, 5,Λ5) = 0.107688.
Then for 4-flavor scale Λ4 is obtained by solving
αs(mb, 5,Λ5) = αs(mb, 4,Λ4) , (2.204)
and Λ4 = 0.292968, αs(mb, 4,Λ4) = 0.216634.
Similarly, for 3-flavor scale Λ3, we solve
αs(mc, 4,Λ4) = αs(mc, 3,Λ3) , (2.205)
and Λ3 = 0.337109, αs(mc, 3,Λ3) = 0.371843.
We obtain αs(µ, nf ,Λnf ) for nf -flavor theory at a scale µ by plugging in Λnf that
has been determined and evaluating Eq. (2.202).
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2.8.2 Nucleon Matrix Elements
Now that we have 3-flavor theory Wilson coefficients Eq. (2.201) at µ0 ∼ GeV scale,
in order to compute the scattering cross section, we need the nucleon matrix elements
for the corresponding operators.
For spin-0 quarks and gluon operators, we have nucleon matrix elements at zero














〈N(k)|O(0)g |N(k)〉 , (2.206)
where q = u, d, s, and |N(k)〉 is a nucleon (proton or neutron) state, N = p, n, nor-
malized by ūN(k)uN(k) = mN/Ek, and −9αs(µ)/(8π) is a convention by definition.









〈N |ūu+ d̄d|N〉 ,
Σ− = (md −mu)〈N |ūu− d̄d|N〉 . (2.207)
Solving Eq. (2.207) in a parametric way, we obtain the scalar matrix elements for
u and d quarks,
f
(0)



















where Rud ≡ mu/md.
In practice, we take ΣπN = 40(4) MeV and Rud = 0.49(2) from lattice results
in Ref. [122] averaged from Refs. [123–127]. 2 We take Σ− = 2(2) MeV for proton,
and Σ− = −2(2) MeV for neutron from Ref. [131]. For the s-quark scalar matrix
element, we take f
(0)
s,N = 0.056(8) from Ref. [122]. We tabulate the spin-0 quark
matrix elements f
(0)
q,N in Table 2.4.
Recall the constraint among quarks and gluon scalar matrix elements from Eq. (2.188),

















where αs and β̃ are taken at µ0 ∼ GeV scale and for nf = 3 theory.
2There is tension between the lattice result [122] ΣπN = 40(4) MeV, and phenomenological
extractions ΣπN = 59.1(3.5) MeV and ΣπN = 58(5) MeV from pionic atoms [128] and low energy
pion-nucleon scattering [129], see also Ref. [130], which found ΣπN = 59(7) MeV. Since the scalar
matrix elements of u and d quarks represent a small contribution to the total cross section [71], our
results would be essentially unchanged if a larger value, ΣπN ≈ 60 MeV, were used.
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Table 2.4: Scale independent spin-0 nucleon matrix elements for proton and neutron
for light quarks u, d, s. The first,second and third uncertainties are from ΣπN , Rud









Table 2.5: Spin-2 nucleon matrix elements from lattice QCD calculation at different
renormalization scales.









1 0.404(9) 0.217(8) 0.024(4) 0.356(29)
1.2 0.383(8) 0.208(8) 0.027(4) 0.381(25)
1.4 0.370(8) 0.202(7) 0.030(4) 0.398(23)
2 0.346(7) 0.192(6) 0.034(3) 0.419(19)

































g,N = 1 . (2.211)
We take lattice calculation results from Ref. [132] for spin-2 matrix elements as
in Ref. [73] and list them in Table 2.5 for relevant renormalization scales. Shown in
Table 2.5 are for proton matrix elements. For neutron matrix elements, neglecting













2.8.3 Nucleon Level Cross Section
Let us compute the low-velocity limit of the WIMP-nucleon spin-independent scat-





























N |2 , (2.213)
where N = n, p is a nucleon, mr = mNM/(mN + M) ≈ mN is the reduced mass of






i (µ0)〈N |O(S)i (µ0)|N〉 , (2.214)
where S = 0, 2.
For our default matching scales µt, µb, µc and µ0, and with the central values
of all nucleon matrix elements at scale µ0, we find the spin-0 and spin-2 ampli-
tudes for Higgsino-like WIMP-proton scattering are (normalized by spin-2 amplitude
M(2)p |M→∞ = 1)









At M → ∞, Eq. (2.215) exhibits a remarkable cancellation at the level of ∼ 5%
(compared to ∼ 20% in the triplet case [107]). At order 1/M , the pure Wino case
also exhibited a strong cancellation between the power corrections of spin-0 and
spin-2 amplitudes [107]. For the pure Higgsino case we have c̃H = −(3α22/4)[1 +
1/(2c4W )], and M(0)p = −1.05 + 0.69mW/M . Owing to the severity of the leading
order cancellation, the total 1/M correction can compete with the leading order for
moderate M . These features can be seen in the central value curve of Fig. 2.15. The
sign of the power correction relative to leading power further suppresses the cross
section as M decreases from the heavy WIMP limit.
As usual when evaluating the nucleon-level amplitude, we have two sources of
uncertainties: Wilson coefficients and hadronic matrix elements. Perturbative uncer-
tainty in the matching coefficients is estimated by varying the matching scales within
the ranges m2W/2 ≤ µ2t ≤ 2m2t , m2b/2 ≤ µ2b ≤ 2m2b , m2c/2 ≤ µ2c ≤ 2m2c , and 1.0 GeV ≤
µ0 ≤ 1.4 GeV, as in Ref. [73, 107]. Uncertainties from neglected 1/M2 and higher or-
der power corrections are estimated by shiftingM(2)p →M(2)p |M→∞[1± (mW/M)2] as
in Refs. [73, 107]. Uncertainties from nucleon matrix elements are propagated to the
observable cross section [73, 123, 127, 131, 132]. We add in quadrature the errors from
different sources for each of the spin-0 and spin-2 amplitudes. Then the maximum and
minimum of all possible values of the combination |M(0)p +M(2)p | sets the boundaries
of the cross section curves depicted in Fig. 2.15.3 Also shown n Fig. 2.15 are current
dark matter direct detection experimental exclusion limits (solid lines) [59, 104, 134],


















































Figure 2.15: Scattering cross section for Majorana SU(2) doublet (Higgsino-like)
WIMP on proton. Corrections to this limit are parameterized by dimensionless Higgs
coupling c̃H as discussed in the text. The pure Higgsino limit (c̃H = −(3α22/4)[1 +
1/(2c4W )] ≡ c̃0H) is shown as the lower violet band and dashed central value curve.
The impact of non-decoupled states in the UV completion are illustrated with c̃H =
c̃0H + 0.01 g
2
2 (middle, dark blue band) and c̃H = c̃
0
H + 0.1 g
2
2 (upper, light blue band).
future projected detectors’ sensitivities (dotted lines) [56–58, 105], and neutrino floor
(dash-dotted line) for Xenon detectors [106].
For the lower, violet colored, region in Fig. 2.15, the limit M ′  M has been
taken to decouple heavier states in the pure Higgsino limit for the coefficient c̃H
in Eq. (2.215). Before taking this limit, we may use Eq. (2.69) to investigate the
impact of non-decoupled states in the UV completion. Away from the pure-state
limit, we have c̃H ≈ 2κ2M/(M ′ −M). For weakly coupled theories we consider a
range of values c̃H/g
2
2 = 0.01 − 0.1 in Fig. 2.15. For TeV mass WIMPs, the cross
section is within the detectable range of next generation detectors [56, 57, 105] when
c̃H/g
2
2 ≈ 0.1, and is close to the neutrino floor when c̃H/g22 ≈ 0.01. In the pure
Higgsino limit, the cross section upper limit remains at or below 10−48 cm2 for masses
above a few hundred GeV.
60
2.9 Nuclear Effect
Finally, we note that the actual scattering process in experimental searches takes place
on compound nuclei versus on isolated nucleons. A standard practice for treating
nuclear modifications is to apply a nuclear form factor to the free-nucleon result [135,
136]. At the same time, a distribution in WIMP velocities is assumed present in our
local galactic halo, and the event rate ansatz is a convolution of halo velocity profile,
nuclear form factor, and single nucleon cross section [136].




























































Figure 2.16: Event rate (times WIMP mass) versus recoil energy for Xenon target, for
Higgsino-like (left panel) and Wino-like (right panel) WIMP. The “Standard” rate
uses the standard halo model, dark matter velocity distribution and Helm nuclear
form factor [136]. The “ChEFT constrained” rate replaces the Helm form factor by
the model of Refs. [108, 109]. Dashed curves are central values and shaded regions
represent perturbative matching uncertainty. Nucleon matrix element uncertainties
are not displayed.
The severe cancellation in the single-nucleon cross section, cf. Eq. (2.215), suggests
that nuclear corrections could potentially have a larger than expected impact. We
investigate this possibility here, using the model presented in Refs. [108, 109] which
includes effects from multi-nucleon interactions. In general, the differential event rate












where ρ ≈ 0.3 GeV · cm−3 [136] is the dark matter mass density, q = (2mNE)1/2 is
the momentum transfer with E being recoil energy, F(q2) is the nuclear structure
factor [108, 109] and f(v) is the WIMP velocity distribution function. Explicitly, the




















































Figure 2.17: Different nuclear response channels contributing to dσ/dq2 versus mo-
mentum transfer q, for Higgsino-like (left panel) and Wino-like (right panel) WIMPs
of velocity v/c = 10−3 scattering on a Xenon nucleus. Curves are normalized to
unity for the sum of all contributions at q = 0. R++ denotes the one-body isoscalar
response (denoted (cM+ FM+ )2 in Ref. [108]). R+b and R+π denote one-body/two-body
interference terms (denoted 2 cM+ cbFM+ Fb and 2 cM+ cπFM+ Fπ in Ref. [108]). Numbers
in parentheses are the percentage contribution for each nuclear response channel to
the total integrated cross section. Other subdominant channels are not displayed.
where z = vesc/v0, v0 ≈ 220 km/s is the galactic rotation velocity for a galaxy with
a flat rotation curve, vesc ≈ 600 km/s is the local galactic escape velocity, v is dark
matter velocity onto the target, vE ≈ 232 km/s is Earth’s velocity relative to the
dark matter.
Equation (2.216) reduces to the “Standard” treatment under the replacement
|F(q2)|2 → A2|F (q2)|2πσNM/m2r, where






is the Helm form factor [135, 136], j1(x) is the first-order spherical Bessel function, rn
is an effective nuclear radius with r2n = (1.23A
1/3−0.6)2 +7π2a2/3−5s2, a ∼ 0.52 fm,
s ∼ 1 fm [137] is a measure of the nuclear skin thickness and A is the mass number
of the nucleus. Figure 2.16 compares the event rate for Xenon detectors (132 Xe)
from our “Standard” computation, to the “ChEFT constrained” computation with
nuclear model from Refs. [108, 109]. For discussion of nuclear corrections see also
Refs. [138, 139].
The rate is multiplied by the WIMP mass to make the curves on the plot indepen-
dent of WIMP mass. For the purpose of illustrating nuclear effects, we focus on the
heavy WIMP limit, neglecting small corrections to both curves when mW/M 6= 0. In
order to perform an “apples to apples” comparison in Fig. 2.16, we have employed the
same input values for nucleon-level matrix elements in our “Standard” nuclear model
as in Ref. [109], except for the spin-0 gluon matrix element, which was evaluated in
Ref. [109] using a leading order perturbative QCD relation. Higher order perturbative
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Table 2.8: A table of different channels’ contributions to the total cross section with
percentage greater than 1%, Higgsino case, normalized to a single nucleon.
Channel (cM+ F+)
2 2 cM+ cbF+Fb 2 c
M
+ cπF+Fπ 2 cbcπFbFπ
Percent 86.0% 55.7% -39.6% -12.8%
Channel (cbFb)
2 (cπFπ)
2 2 cM+ c
M
− F+F−
Percent 9.0% 4.6% -2.7%
QCD corrections turn out to be significant [102, 140], and we have included correc-
tions through NNNLO by Eq. (2.209) in both “Standard” and “ChEFT-constrained”
analyses. We tabulate the nucleon matrix elements central values from Ref. [109]
explicitly in Table 2.6 and Table 2.7.
We have also implemented the “ChEFT constrained” nuclear model for the triplet
case studied in Ref. [107]. For both doublet and triplet cases, a breakdown of dσ/dq2
into separate nuclear response channels is displayed in Fig. 2.17 for an illustrative
WIMP velocity v/c = 10−3. Considering up to two nucleons interaction, the differen-
tial cross section dσ/dq2 for our Majorana WIMP-nucleus spin-independent scattering















FMI (q2) + cπFπ(q2) + cbFb(q2)|2 . (2.219)















(ḟp + ḟn) ,
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Table 2.9: A table of different channels’ contributions to the total cross section with
percentage greater than 1%, Wino case, normalized to a single nucleon.
Channel (cM+ F+)
2 2 cM+ cbF+Fb 2 c
M
+ cπF+Fπ 2 cbcπFbFπ
Percent 104.0% -16.7% 12.7% -1.0%
Table 2.10: A table of different channels’ contributions to the total cross section with
percentage greater than 1%, Higgsino case, for Xenon.
Channel (cM+ F+)






+ cbF+Fb 2 c
M
+ cπF+Fπ
Percent 92.5% -23.6% 77.8% -45.2%
Channel 2 cbcπFbFπ (cbFb)
2 (ċM+ F+)
2 2 ċM+ cbF+Fb
Percent -19.7% 17.9% 3.2% -12.0%
Channel 2 ċM+ cπF+Fπ (cπFπ)
2 2 cM+ c
M
− F+F−
Percent 6.0% 5.6% -2.4%
Table 2.11: A table of different channels’ contributions to the total cross section with
percentage greater than 1%, Wino case, for Xenon.
Channel (cM+ F+)
2 2 cM+ cbF+Fb 2 c
M








Percent 102.3% -21.2% 13.2% -1.4% 6.1% 1.2%


























































f (0)q, π ,



























where N = n, p for neutron or proton, r = (md − mu)/(md + mu) = 0.37(3),
σ̇ = 0.27(1) GeV−1, σ̇s = 0.3(2) GeV
−1, the pion matrix element f (S)i, π are listed in
Table 2.12.
Contributions to the total integrated cross section from different channels are
tabulated in Table 2.8 ,Table 2.9 , Table 2.10 and Table 2.11. In the terminology
of Ref. [108], isoscalar one-body scattering (corresponding to the “Standard” nuclear
form factor treatment) remains the dominant contribution to the direct detection rate.
As the comparison of Higgsino-like and Wino-like cases in the figure illustrates, the
more severe cancellation of the Higgsino one-body amplitude, Eq. (2.215), leads to an
effective enhancement of one-body/two-body interference terms in the Higgsino-like
cross section. An interesting feature of these plots is a partial cancellation between
the different two-body contributions, R+b and R+π. This cancellation is not directly
related to the cancellation between spin-0 and spin-2 one body amplitudes (2.215).





























i enter with different weights in the two-body responses, com-
















However, for both doublet and triplet cases, the considered nuclear modifications
do not qualitatively impact the cross section, and are comparable in magnitude to
other sources of uncertainty.
2.10 Summary
We have computed subleading corrections to the cross sections for Wino-like and
Higgsino-like WIMP particles scattering on nuclear targets. The doublet result shows
that order 1/M corrections do not significantly enhance the small leading order cross
section. The upper limit for the pure doublet is less than 10−48 cm2 in the TeV
mass regime, consistent with the leading order estimate [73, 102], and lower than
the estimated Xenon neutrino floor [106]. We also investigated the impact of nuclear
effects by employing a modern EFT-based model in place of the standard nuclear
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form factor. Although individual nuclear response channels have significant contribu-
tions, cancellations occur in the total nuclear response. The overall effect of the new
nuclear model is comparable to other uncertainties for both Wino-like and Higgsino-
like WIMP candidates, leaving the TeV scale pure Wino within striking distance of
next generation experiments, and the pure Higgsino well below the neutrino floor.
The small cross section in the pure Higgsino limit can be modified by non-decoupled
states in the UV completion. For WIMP masses of order M = 500 GeV, current
experiments constrain the dimensionless Higgs-WIMP-WIMP coupling as c̃H . 0.04.
Copyright c© Qing Chen, 2021.
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Chapter 3 Radiative Correction to Neutrino-Nucleon Elastic Scattering
3.1 Introduction
The accelerator neutrino oscillation experiments [78, 80, 82–84] have entered a preci-
sion stage to determine the mixing parameters of different neutrino mass eigenstates
and the ordering of neutrino masses. For the accelerator neutrino beams with energy
about ∼ GeV scale, the neutrino nucleon charged current elastic scattering in Stan-
dard Model is an important process in the detector contributing to the measurement
signals of muon neutrinos (νµ) oscillating into electron neutrinos (νe) and anti-muon
neutrinos (ν̄µ) to anti-electron neutrinos (ν̄e).
The radiative corrections to this charged current elastic scattering process for
different lepton flavors could be different due to the differences in muon and electron
masses. It is imperative to compute this radiative correction and obtain the correct
cross sections corresponding to the measured event rates in order to determine the
precise fluxes of muon neutrinos and electron neutrinos incident on the far detector,
comparing with the flux of muon neutrinos at the near detector. Compared to other
works [141, 142], we base on the factorization theorem to compute the radiatively
corrected cross section which is a product of hard, collinear and soft scales physics
up to O(κ) corrections, with a small parameter κ ∼ m2/Λ2, where m is the charged
lepton mass and Λ is a hard scale. The hard scale physics is hadronic model-dependent
but insensitive to the lepton masses and its effect would be largely canceled out when
we take ratio of the electron and muon processes cross sections, and the ratio is what
we need to determine the oscillation. By integrating out the hard scale physics, we
obtain a soft-collinear effective field theory (SCET) with the hard function serving
as a matching coefficient. The lepton mass-dependent soft and collinear functions,
which contribute to the main cross section bias between electron and muon flavors,
can be computed perturbatively. There appear large logarithms in this perturbation
calculation, which we will employ renormalization group (RG) evolution to resum
and estimate a reliable radiative corrected cross section result. We use a physical
tree level amplitude with dipole form factors fitted from the experimental data and
the radiative corrected cross sections ratio is the physical one for factorizable jet-like
observables.
In the experiments, there could also occur non-factorizable observables containing
non-collinear hard photons emission . Therefore, instead of ignoring the hard function
contribution to the radiative corrected cross sections ratio, an illustrative hadronic
model is considered [143], with the nucleon form factors taken from experimental data
fits. For the non-factorizable observables with non-collinear hard photons emission,
we focus on a simplified case here, which is the heavy nucleon mass limit, and the
hadronic physics only depend on vector and axial vector coefficients cV and cA and
can be computed analytically. It provides a prototype for computing the radiative
corrections for inclusive observables in a more sophisticated setting as [143], and an
estimate for the size of the radiative correction in real experiments.
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3.2 Tree Level
The tree level (anti)neutrino-nucleon quasi-elastic scattering processes involve:
νl(k) + n(p)→ l−(k′) + p(p′) (3.1)
ν̄l(k) + p(p)→ l+(k′) + n(p′) (3.2)
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In the limit M !1, define p0 ⌘MV and we have
i
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Figure 3.2: Real radiation correction to neutrino neutron scattering.
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6Figure 3.1: Neutrino neutron scattering and antineutrino proton scattering at tree
level.
The amplitudes for neutrino neutron scattering and antineutrino proton scattering
are
iMν = cF 〈l−(k′)|j−µ (0)|νl(k)〉〈p(p′)|J+µ(0)|n(p)〉 , (3.3)
iMν̄ = cF 〈ν̄l(k)|j+µ (0)|l+(k′)〉〈n(p′)|J−µ(0)|p(p)〉 . (3.4)
where cF is a coupling and the leptonic currents matrix elements are
〈l−(k′)|j−µ (0)|νl(k)〉 = ūl−(k′)γµ(1− γ5)uνl(k) ≡ ūl−(k′)Γlµuνl(k) , (3.5)
〈ν̄l(k)|j+µ (0)|l+(k′)〉 = v̄ν̄l(k)γµ(1− γ5)vl+(k′) ≡ v̄ν̄l(k)Γlµvl+(k′) . (3.6)
The hadronic currents matrix elements may be formally written as
〈p(p′)|J+µ(0)|n(p)〉 = ūp(p′)Γµhun(p) , (3.7)
〈n(p′)|J−µ(0)|p(p)〉 = ūn(p′)Γµhup(p) . (3.8)
Thus, the amplitudes can be expressed as
iMν = cF ūl−(k′)Γlµuνl(k)⊗ ūp(p′)Γµhun(p) , (3.9)
iMν̄ = cF v̄ν̄l(k)Γlµvl+(k′)⊗ ūn(p′)Γµhup(p) . (3.10)
We know the leptonic Γl basis is {γµ, γµγ5}, and by Lorentz-invariance, the
hadronic Γh should be a Lorentz-vector or pseudo-vector. Then all the possible vector

















, where M is nucleon mass, P ≡ p + p′ and q ≡ p′ − p. Along with the Γl basis
{γµ, γµγ5}. The combination basis for Γl ⊗ Γh is
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γ5 ⊗ 1, /P
M
γ5 ⊗ γ5, /q
M





The six operators in the hadronic basis Γh correspond to the general hadronic six






















where for on-shell Dirac particle, identity iσµνqν = 2Mγ
µ−P µ has been applied and
the pure P µ in the hadronic basis has been replaced by combination of σµνqν and γ
µ.






















A−B · s− u
M2





where Mandelstam variables expression s − u = 4MEν + q2 −m2 in the laboratory
frame with Eν being neutrino energy, m being the final state charged lepton mass
and A, B, C are functions of momentum transfer q2 [144],
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Combing with the phase space integration in Appendix D Eq.(D.2) to Eq.(D.3),
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3.3 Virtual Radiative Correction
Let us consider the heavy nucleon limit situation, when we have ml  Eν  M . In
this limit, we treat nucleon as a point-like Dirac particle and proton has a unit of
positive charge +e, neutron being neutral. The effective Lagrangian for the heavy
nucleon in the electromagnetic sector is c.f. Eq. (1.9)
Lheavy = h̄v (iV · ∂ +QV · A)hv (3.19)
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Figure 3.2: Real radiation correction to neutrino neutron scattering.
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Figure 3.3: Real radiation correction to antineutrino proton scattering.
iM⌫̄ = cF v̄⌫̄ l
i
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Figure 3.2: Virtual radiation correction to neutrino neutron scattering.
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′)Γlulν (k)⊗ ūp(p′)Γhun(p) ,
(3.20)
where V = p′/M , λ is photon mass as an IR regulator, α is QED coupling at renor-
malization scale µ, we drop the imaginary part which doesn’t contribute at O(α) and
V · k′ = Eν −m2/(2M).


















































Consider the field strength renormalization of the charged lepton and proton c.f.
Appendix C,















































































where UV divergence 1/ε is expected to be cancelled by coefficients in the hadronic
part.
Specifically, in the heavy nucleon limit, the hadronic structure reduces to
Γµh = cV γ
µ + cAγ
µγ5 , (3.25)
and plug it into loop diagram calculation Eq. (3.20), combining with the field strength
renormalization factors
√



































































































where cV (µ) and cA(µ) are hadronic coefficients in the tree amplitude, and in the
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Figure 3.3: Virtual radiation correction to anti-neutrino proton scattering.
and we take the limit m Eν M for Eq. (3.32).











L2 − λ2 + i0
⊗ūn(p′)Γµh
i





































where V = p/M , we neglect the imaginary part and V · k′ = Eν̄ −Q2/(2M).
Thus, similarly, the total of tree level and one-loop virtual correction to anti-






















































































+cF ūl  lu⌫ ⌦ ūp(+ie) /✏⇤
i
/p0 + /k   M
 hun (3.21)
In the limit M !1, define p0 ⌘MV and we have
i
/p0 + /k   M
=
i(M /V + /k  + M)
2MV · k 
! i 1 + /V
2V · k 
(3.22)
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Figure 3.4: Real radiation correction to neutrino neutron scattering.
3.4 Real Radiative Correction
3.4.1 Real Radiation Amplitudes
We consider one real photon radiation correction to the tree level process, i.e. 2-to-3
process νl(k)+n(p)→ l−(k′)+p(p′)+γ(kγ) and ν̄l(k)+p(p)→ l+(k′)+n(p′)+γ(kγ).
We will work in the heavy nucleon limit and neglect all 1/M order corrections.
For real radiation emission of neutrino neutron scattering, we have the following
leading order diagrams:






+cF ūl−Γluν ⊗ ūp(+ie) /ε∗
i
/p′ + /kγ −M
Γhun , (3.37)
where the polarization vector ε satisfies εαε
∗
β = −gαβ. In the limit M → ∞, define
p′µ ≡MV µ and we have
i
/p′ + /kγ −M
=
i(M /V + /kγ +M)
2MV · kγ
→ i 1 + /V
2V · kγ
(3.38)














Taking Γµl = γ




















































V · kγk′ · kγ
− Eνk · kγ





















+cF ūl  lu⌫ ⌦ ūp(+ie) /✏⇤
i
/p0 + /k   M
 hun (3.21)
In the limit M !1, define p0 ⌘MV and we have
i
/p0 + /k   M
=
i(M /V + /k  + M)
2MV · k 
! i 1 + /V
2V · k 
(3.22)
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Figure 3.2: Real radiation correction to neutrino neutron scattering.






+cF ūl  lu⌫ ⌦ ūp(+ie) /✏⇤
i
/p0 + /k   M
 hun (3.21)
In the limit M !1, define p0 ⌘MV and we have
i
/p0 + /k   M
=
i(M /V + /k  + M)
2MV · k 
! i 1 + /V
2V · k 
(3.22)






+ /k  + m
2k0 · k 






Take  µl =  
µ(1   5), we have











































Figure 3.5: Real radiation correction to antineutrino proton scattering.
iMν̄ = cF v̄ν̄Γl
i
−/k′ − /kγ −m
(−ie) /ε∗vl+ ⊗ ūnΓhup


















Taking Γµl = γ




















































V · kγk′ · kγ
− Eν̄k · kγ




Note that the real radiative correction amplitude is the same in the heavy nucleon
limit for both neutrino and antineutrino scattering processes when the incoming neu-
trino and antineutrino carry the same energy, outgoing (anti)leptons and photons
have the same momenta.
3.4.2 Phase Space Integration for Real Radiation
Let us introduce a cut δ to do the phase space integration for the real radiation,
where δ  Eν .
For the integrals in the c2V + c
2



















































































































































































































δ(Ek′ + Ekγ − Eν) , (3.54)
and the lower and upper limits in the integrals represent the energy range of the
emitted photon. The general 2-to-3 phase space can be found in Appendix D.
For the integrals in the (c2V − c2A) part, we can write them in terms of the integrals






































































































The sum of the integrals in the (c2V − c2A) part, Eq. (3.55) to Eq. (3.60) is identical
to that in the (c2V + c
2
A) part with a minus sign and we can write down the cross












































Summing over phase space integrals Eq. (3.45), Eq. (3.47), Eq. (3.49), Eq. (3.51)















−1 + log 2Eν
m
)




The soft radiation comes from the terms with photon energy less than δ, cor-
responding to phase space integrals Eq. (3.44), Eq. (3.46), Eq. (3.48), Eq. (3.50) and





















































































17− 2π2 − 2 log 2Eν
m












Summing up the virtual radiative correction Eq. (3.30) and real radiative correc-

































where σtree is provided in Eq. (3.32).
Note that this result doesn’t depend on the final state lepton mass, thus flavor-
independent, which means the radiative correction effect doesn’t affect the muon-
neutrino oscillation result that is being measured as an inclusive observable in the ex-
periments in the heavy nucleon limit with m Eν M except for small mass power
corrections of order m2/E2ν . This is also a result of the Kinoshita-Lee-Nauenberg the-
orem [145, 146], which states that there is no mass singularity for inclusive QED
scattering processes in the massless limit.
3.5 Sterman-Weinberg Cone Observable
We have computed inclusive observable in previous sections. Jet observables are
another type of observables more common in high energy experiments. To study
jet observables, We consider an observable defined by Sterman and Weinberg [147].
Define a cone along the outgoing lepton direction with half angle θ and assume that
(1 − β)Eν is deposited within this cone, where θ  1, β  1. There are three
scenarios for possible photon emission, as analogs of those in [147]:
(a) one “hard” photon (energy > βEν) being emitted within the cone;
(b) one “soft” photon (energy 6 βEν) being emitted in or not in the cone;
(c) no photon emission (virtual process).
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Senario (a): We can replace the cutoff δ in Section 3.4.2 by βEν and restrict the
photon phase space integration within the cone, i.e. the angle between photon and
outgoing lepton momenta ranges from (0, θ).















































− log (1 + η2) log β + 1
4



















































































log (1 + (1− β)2η2)
]
, (3.71)
where η ≡ θEν/m, the phase space integrals for the (c2V − c2A) part terms are power
terms of small angle θ and have been neglected.








9− 4(2 + η
2)
η(1 + η2)







































































































































Scenario (b): We consider “soft” emission with photon energy less than βEν
but without restriction of direction. Then we only need to replace δ in Sec. 3.4.2 by









































































































































































The sum of hard real emission in the Sterman-Weinberg cone, soft real emission



























































































































3.6 Soft-Collinear Effective Theory
In light of the cone observable which is along a certain direction, we take the charged
lepton direction to be nµ = (1, 0, 0, 1) and define another direction n̄µ = (1, 0, 0,−1).
We have
n2 = 0, n̄2 = 0, n · n̄ = 2 , (3.88)
and we call n−direction collinear and n̄-direction anticollinear.







n̄µ + pµ⊥ , (3.89)
where pµ⊥ is the component perpendicular to n
µ and n̄µ directions.
81
In the basis of two light cone directions n, n̄, and a perpendicular direction, we






where p+ = p · n, p− = p · n̄, |p⊥|2 = −p2⊥ and p2 = p+p− + p2⊥.
Since we are studying the radiative corrections, we can decompose the radiated
photon momentum into the above basis. For photon with different energy scales,
it shows different scalings. A hard photon momentum scales as p ∼ Eν(1, 1, 1), a
collinear photon with p ∼ Eν(κ, 1,
√
κ) and a soft photon with p ∼ Eν(κ, κ, κ),
where κ 1 and κ ∼ O(m2/Λ2hard), where Λhard is a hard scale in the problem. We
still work in the heavy nucleon limit, where formally we have m Eν M .
The cross section can be factorized into a product of hard, collinear and soft
functions, σ ∼ H(Eν/µ) · J(m/µ, θ, Eν/m) · S(∆E/µ,Eν/m) up to O(
√
κ), where
∆E is a photon energy threshold that could be resolved by the detector resolution
and we regard photons with energy less than ∆E as soft photons, and θ is an angle
parameter that describes the collinear jet’s cone size.
We can construct an effective Lagrangian for collinear lepton, collinear photon and
soft photon in QED systematically, which is similar to that for quarks and gluons
in [9].
For a fermion ψ(x) with a collinear scaling momentum p, we can decompose it








Decompose the gauge field A into soft and collinear components As and An,
Aµ = Aµs + A
µ
n . (3.92)


















where Dµn = ∂µ − iQAµn is the collinear derivative and Q is the electric charge of the
collinear fermion. The collinear fermion and collinear gauge boson interact gauge
invariantly within this Lagrangian Eq. (3.93) with the Wilson line for collinear gauge
fields [10, 148]





dsn̄ · An(sn̄+ x)
]
, (3.94)
where P denotes path-ordering for gauge fields from left to right with parameter s





gauge-invariant gauge field. The soft gauge field is an independent field interacting





















n̄ · p +
(/q⊥ −m)












Figure 3.6: From above to below, collinear fermion propagator, soft photon coupled to
collinear fermion vertex, collinear photon coupled to collinear fermion vertex, effective
current from heavy fermion to collinear fermion with collinear photon.
Radiative corrections to collinear fields involve the Feyman rules in Fig. 3.6.
Soft radiation will be treated in heavy particle effective field theory as in eq. (3.19)
and Feynman rules are given in Fig. 3.7.
In the following, we will compute soft function and jet function using these two
effective field theories, at α order.
3.7 Soft Function
We first consider soft virtual radiative correction diagram Fig. 3.8 for neutrino neutron





V · k + i0
µ
= iQV µ
Figure 3.7: From above to below, heavy particle propagator with V being the velocity
of the heavy particle and k is a dynamical momentum, soft photon coupled to heavy
particle vertex with Q being the electric charge of the heavy particle.



































































⊗ ūp(p′)Γhun(p) , (3.95)
where V = p′/M , V · k′ = Eν −m2/(2M) in the heavy nucleon limit.















The interference of the virtual one loop diagram with tree level diagram gives the































Figure 3.9: Soft virtual radiative correction to the anti-neutrino proton scattering.
Similarly for anti-neutrino proton scattering, the soft virtual radiative correction







k′ · (−L) + i0vl+(k
′)iQlγα
−i
L2 − λ2 + i0
⊗ ūn(p′)Γµh
i
























⊗ ūn(p′)Γhup(p) , (3.98)
where V = p/M and V · k′ = Eν̄ −Q2/(2M).
The interference of the virtual one loop diagram with tree level diagram gives the





















The soft real radiative correction to neutrino neutron scattering consists of real
emissions from both charged lepton and charged nucleon as in Fig. 3.10.
The amplitude of photon emission from the lepton line is















Figure 3.10: Soft photon emissions from charged lepton and charged nucleon.
The amplitude of photon emission from the hadron line is





The total amplitude of real soft photon emission is






























where V = p′/M and V ′ = k′/m.

























+G(w, V 0, V ′0)
}
, (3.104)








G(w, V 0, V ′0) =
V 0√
(V 0)2 − 1
log V 0+ +
V ′0√















































and for any quantity x > 0, we define
x± = x±
√
x2 − 1 . (3.106)
The kinematics yield

















In the heavy nucleon limit, neglecting all 1/M terms, V 0 → 1, V ′0 → Eν/m and
w → Eν/m, and the soft real radiative correction to the tree level neutrino neutron
scattering is,
∫





















Similarly, the soft real radiation for anti-neutrino proton scattering is shown in
Fig. 3.11 and the result is
∫




































where V = p/M and V ′ = k′/m.
Explicitly, the kinematics are















In the heavy nucleon limit, neglecting all 1/M terms, V 0 → 1, V ′0 → Eν/m











Figure 3.11: Soft photon emissions from charged lepton and charged nucleon.
proton scattering is,
∫





















Combining virtual and real emission, the total soft-radiative corrected cross sec-


































































































n̄ · (L− k′)γα(1− γ
5)uνl(k)⊗ ūp(p′)Γhun(p) ·
−i




























Figure 3.12: Collinear virtual radiative correction to neutrino neutron scattering.
+
Figure 3.13: One real collinear photon emission from neutrino neutron scattering.
⊗ūp(p′)Γhun(p) . (3.113)
Collinear diagram field strength renormalization factor is

































where we have subtracted the 1/ε2 pole, which will be canceled by that from hard
function and the 1/ε pole is canceled by coefficients cV and cA.
The real collinear radiation involves the two diagrams in Fig. 3.13. The amplitude
for collinear emission from charged lepton is
iMreallc = eūl−(k′)
[














′⊥ −m)(/k′⊥ + /k⊥γ +m)
n̄ · (k′ + kγ)n̄ · k′
n̄ · ε
]
n̄ · (k′ + kγ)
(k′ + kγ)2 −m2
Γluνl(k)
⊗ūp(p′)Γhun(p) . (3.116)



























| ūl−Γluνl ⊗ ūpΓhun |2 , (3.118)
where the outgoing lepton carries a fraction k′ · n̄/(k′ · n̄+ kγ · n̄) of the total electro-
magnetic energy which is the energy of the tree level lepton.















































k′ · n̄+ kγ · n̄
∑
|M(µ)|2tree , (3.119)
where if we specify the phase space as emitted energetic photon (energy greater than



























9− 4(2 + η
2)
η(1 + η2)
















log (1 + η2)
1 + η2






log (1 + η2) + 2Li2(−η2)
]}∑
|M(µ)|2tree , (3.120)
where η = θ[Eν − Q2/(2M)]/m. Note that the terms involving ∆E are soft limit
terms of this jet function, and we could subtract them, moving them to soft function.
However, we will not differentiate collinear and soft scales in this problem or evolve
from one scale to another. It is no difference keeping them here in the jet function.
For anti-neutrino proton scattering, the format of jet function is the same and
we just replace Eν by Eν̄ and tree level amplitude by anti-neutrino process tree level
amplitude in Eq. (3.120).
3.9 Hard Function
The hard function describes hard photon contributions and depends on the hadronic
physics, which requires the knowledge of a full theory. It is related to the matching
coefficient when we match the full theory to the soft-collinear effective theory.
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′)Γlulν (k)⊗ ūp(p′)Γhun(p) .
(3.121)
Field strength renormalization factors are







































=Mfullloop −Msloop −Mcloop , (3.124)
where δc ≡ c− 1 and c is the matching coefficient.

























where we subtracted the 1/ε2 pole which cancels that from the jet function and 1/ε
is canceled by poles in coefficients cV and cA.










(1 + 2δc) |Mν(µ)|2tree . (3.126)
































3.10 Hard Function Resummation
Hard function has large double logarithms such as log2 (Eν/µ) at a low energy scale
µ ∼ me, while soft and collinear functions have large logarithms at high energy scale
about the neutrino energy scale Eν . In order to avoid large logarithms, we evolve the
hard function from high energy scale to low energy scale and the product of hard, soft
and collinear function at low energy scale has controlled logarithms perturbatively,
which yields a reliable cross section.
The hard function evolves as
d
d log µ
H(µ) = 2ΓcuspH(µ) , (3.128)
where the cusp anomalous dimension is given by [149–151]





+ γh(α) + γψ(α) , (3.129)
and γcusp is massless cusp anomalous dimension function, γ
h is massive one-particle

































































− 81 + 108π2 − 1296ζ3
+nf
(





where ml denotes the charged lepton mass with l-flavor, in the heavy nucleon limit
mlw = Eν for neutrino neutron scattering and mlw = Eν−Q2/(2M) for anti-neutrino
proton scattering, and the relation between onshell and MS coupling is









































































where “...” denotes power suppressed terms, γ0 ≡ γh0 + γψ0 , β0 and β1 are defined by














nf , β1 = −4nf . (3.136)
For electron-flavor neutrino scattering, final state charged lepton is electron. We
consider muon mass, hadronic scale are much heavier than electron mass and can be
integrated out. The only dynamical fermion for computing coupling α(µ) is electron
















+ 15 . (3.137)





























































where we do the power counting considering large logarithm α log2 (µ2h/µ
2
l ) ∼ 1 and
“...” denotes the terms with order higher than α1, which are numerically suppressed
and can be ignored.
For muon-flavor neutrino scattering, the final state charged lepton is muon. The
dynamical fermions in the loop are electron and muon, and heavier particles have
been integrated out. In this case, nf = 2, and coupling α(µ) is

































+ 30 . (3.139)


























































Conversely, we could evolve soft and jet functions to high energy scales by renor-




S(µ) = 2ΓSS(µ) , (3.141)





















The virtual jet function evolves as
d
d log µ
Jv(µ) = 2ΓJJv(µ) , (3.143)
where the cusp anomalous dimension for virtual jet function to α2 order is




















































3.11 Collinear Real Radiation Resummation
Besides the double large logarithms from the difference between hard scale and soft
scale, there are also double large logarithms from real collinear terms which is mani-
fested in Eq. (3.86). Thus, we need to sum all double large logarithms from all orders
in perturbation theory.
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3.11.1 Multiple Collinear Photons Emission Summation
In the massless charged lepton limit, we could work out the leading logarithms of
collinear photons radiation by the splitting method. First, consider one collinear
photon emission case, if the outgoing lepton carries a fraction of the total electro-










































where the phase space derivation can be found in Appendix D.
For a jet with cone size θ, and we have integration limits zmin = ∆E/Eν , zmax =
1−m/Eν , then




























and we compare it with the accurate result of this real collinear radiation, i.e. the
sum of Eq. (3.74), Eq. (3.75), Eq. (3.76) and Eq. (3.77)


































· σ(νn→ lp). (3.148)
The massless limit splitting treatment result Eq. (3.147) produces the correct lead-
ing double logarithm as in Eq. (3.148) when we set the Sterman-Weinberg observable
parameter β to be ∆E/Eν . However, it loses subleading logarithm terms such as
log (Eν/∆E), but they are suppressed compared to the leading double logarithms.
It is reasonable and computationally economic to sum only the leading double log-
arithms using the splitting treatment, where we consider the virtual fermions are
approximately on-shell compared to the radiated photons’ transverse momenta [133]
































Figure 3.14: Two collinear photons emission diagrams.
·σ(νn→ lp) . (3.149)
When the inner photon electron cone angle is wider than the outer one, which is
equivalent to the condition that the virtual fermion is on-shell compared to the first
photon it emits since the transverse momentum integration is equivalent to the cone









d cos θN , (3.150)
where θ = θ1  θ2..., then it gives a factor of 1/N !.

















When we sum over all collinear photons leading logarithms, we get an exponential
∞∑
N=0















We explicitly compute two collinear photons radiation using SCET Feynman rules
and show it confirms the exponentiation result. The two collinear photons radiation
diagrams are shown in Fig. 3.14.
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luν
⊗ūpΓhun , (3.154)









n̄ · (q + k)
]
ūlΓ
luν ⊗ ūpΓhun .(3.155)
The momenta of collinear fermions and photons are denoted as
p = (1− y)(p+ q) (3.156)
q = y(p+ q) + q⊥ (3.157)
p+ q = (1− z)(p+ q + k) ≡ (1− z)p′ (3.158)
k = z(p+ q + k) + k⊥ = zp
′ + k⊥ , (3.159)
with z and y are splitting fractions.
The sum of amplitude squared is
∑
| (a) + (b) + (c) |2= e4
∑
| ūlΓluνl ⊗ ūpΓhun |2tree
[













p · k + p · q + q · k +
z2
p · k + p · q + q · k
·
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1− p · q



















p · k + p · q + q · k − (1− z)
[
2(1− z) + z2
(
1
− p · q




2(p · q)2 ·
1
p · k + p · q + q · k
]
. (3.160)
In the massless charged lepton limit and considering the transverse momentum
of the second emission is much smaller than the first one (i.e. the outgoing lepton
is onshell, while the intermediate lepton is less on-shell, also see argument in Peskin
and Schroder [133] Eq.(17.108) and surrounding discussion), which is p ·q  k ·(p+q)






























2(1−z)2E2ν ) cos θ
dydz
[
1 + (1− y)2
y
1 + (1− z)2
z
]
· σ(νn→ lp) , (3.161)


















and numerically is of O(1) contribution.
3.11.2 Collinear Pair Production Summation
Lastly, we estimate another higher order process, the e+e− pair production, which is






(/p⊥ + /k⊥ +m)
n̄ · (p+ k)
(/p⊥ −m)
n̄ · p γ
⊥
µ −
(/p⊥ −m)(/p⊥ + /k⊥ +m)







n̄ · (p+ k)
2p · k γ
α(1− γ5)uν ⊗
−i






(/k⊥ − /q⊥ −m)
n̄ · (k − q) γ
µ⊥ −
(/k⊥ − /q⊥ −m)(/q⊥ −m)









n̄ · k ⊗
−i






(/k⊥ − /q⊥ −m)
n̄ · (k − q) γ
µ⊥ −
(/k⊥ − /q⊥ −m)(/q⊥ −m)





ve+ ⊗ ūpΓhun . (3.164)
We define the following relations for momenta by splitting parameters x and z.
p′ = p+ k (3.165)
p = xp′ (3.166)
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k = (1− x)p′ + k⊥ (3.167)
q = zk (3.168)
q′ = (1− z)k + q′⊥ (3.169)
up to order O(m/Ep′) corrections.
In the massless charged lepton limit, the amplitude squared is
∑
| (d) + (e) |2 =
[
E2p′x(1− x)(1− cos θ)
]−1[













| ūlΓluνl ⊗ ūpΓhun |2 (3.170)




)2 ∫ d cos θ′
1− (1− m2
2z2(1−x)2E2ν ) cos θ
′d(1− z)
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· σ(νn→ lp) .
(3.171)
















which is numerically O(α1/2) and suppressed compared to the two collinear photons
emission leading logarithm O(α0) ∼ O(1) contribution. Therefore, we neglect pair
production contributions in the jet resummation.
3.12 Jet Observable Cross Sections
3.12.1 Electron and Muon Observables
Let us consider a jet observable which is defined as in Sec. 3.5. The total cross section
including energetic photon in the cone and collinear virtual photon emission which is
captured by jet function J(µ), soft photon inside and outside of the cone and virtual
soft photon emission captured by soft function S(µ), and energetic virtual photon
emission captured by hard function H(µ), is proportional to
H(µ)J(µ)S(µ) , (3.173)
where H is taken from Eq. (3.126), J taken from Eq. (3.120), and S taken from
Eq. (3.112).
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Table 3.1: A table of parameters taken for neutrino nucleon scattering jet observable.
cV cA Eν (GeV) θ (Degree) ∆E (MeV)
1 -1.27 (0.5, 1) 10 20
Hard function H(µ) contains double logarithms log2 (Eν/µ), jet function J(µ)
contains double logarithms log (Eν/∆E) log (θEν/m), log
2 (m/µ) and soft function
S(µ) contains double logarithms log (∆E/µ) log (Eν/m), log
2 (Eν/m). In the massless
limit, the mass divergences in soft function and jet function cancel, and this jet
observable only contains double logarithm log (Eν/∆E) log θ, see Eq. (3.86) .
However, they live at different energy scales, varying renormalization scale µ for
the product of the three functions Eq. (3.173) directly from soft scale to hard scale
would yield large perturbative uncertainty. In order to obtain a cross section with a
higher precision, we use renormalization group evolution to bring the hard function
down to a low scale µl, the soft and collinear scale ∆E ∼ θEν . Then the product
of the resummed hard function with jet and soft function at low scale µl does not








where we first bring the hard function from a scale M to a high scale µh ∼ Eν , and
from the high scale µh to a low scale µl using the hard function ratio between different
scales Eq. (3.138) for e-flavor and Eq. (3.140) for mu-flavor. We also exponentiate jet
function by Eq. (3.152) for real collinear photons resummation. The soft function
does not have large logarithms numerically from real soft photon emission at this low
scale µl.
We take cV (µl) = 1, cA(µl)=-1.27 and the jet cone size θ to be 10
◦, soft photon
threshold ∆E to be 20 MeV and the incoming (anti)neutrino energy ranging from
0.5 to 1 GeV for quasi-elastic process for relevant experiments such as T2K [80] and
DUNE [84], all tabulated in Table 3.1.
For electron-flavor cross section, we use Eq. (3.138) to evolve the hard function
from heavy mass scale M to a hard scale µh and then evolve from µh scale to a
low scale µl, where we take Eν/
√
2 6 µh 6
√
2Eν , and Min(θEν ,∆E)/
√
2 6 µl 6√
2Max(θEν ,∆E).
For muon-flavor cross section, we use Eq. (3.140) to evolve the hard function
from heavy mass scale M to a hard scale µh and then evolve from µh scale to a
low scale µl, where we take Eν/
√
2 6 µh 6
√
2Eν , and Min(mµ,∆E)/
√
2 6 µl 6√
2Max(mµ,∆E). In experiments, the muons can be separately measured from their
energetic photon radiation. So the muon-flavor process final state observable is the
cross section in Eq. (3.173) with the jet function J(µ) being replaced by the virtual




































Figure 3.16: Left: Comparison of resummed and unresummed soft radiatively cor-
rected cross section over tree level cross section ratios for electron-flavor process.
Right: Comparison of resummed and unresummed soft radiatively corrected cross
section over tree level cross section ratios for muon-flavor process. Yellow dashed
line is unresummed result, green solid line is resummed to O(α1/2) and blue dotted
line is resummed to O(α1). The bands show uncertainties from varying the scales as
described in the text.
3.12.2 Resummation Effect
To show the convergence of resummation, we compute the ratio of cross section with
one virtual photon radiative correction and one soft real photon over the tree level
cross section, as a function of the incoming (anti)neutrino energy Eν . When we
evolve the hard function from a high scale to a low scale, we use different orders of
large logarithms power counting in the evolution equation Eq. (3.138). We compare
the resummed results at O(α1/2) and O(α1) with unresummed result (denoted by
O(α0)) in Fig. 3.16 for incoming neutrino energy range (0.5, 1) GeV. Explicitly, the
observable is proportional to HJvS, where H is taken from Eq. (3.126), S is from
Eq. (3.112) with ∆E = 20 MeV being taken for relevant neutrino experiments., and


























We see that the O(α1/2) result already converges well, and O(α1) result has almost
the same upper and lower bound on top of it. The resummed calculations vary




2∆E, while the unresummed
result varies scale from soft scale ∆E to hard scale Eν .
3.12.3 Jet Observable Cross Sections in the Heavy Nucleon Limit
Neglecting lepton mass power corrections compared to nucleon mass M and neutrino
energy Eν in the heavy nucleon limit, the resummed toO(α
1) jet observable total cross
section for different incoming neutrino energies has been plotted in Fig. 3.17 and it
is the same for both neutrino neutron scattering and anti-neutrino proton scattering.
101
We resum the Eq. (3.173) to obtain a jet observable cross section and show its ratio
by tree level cross section. The difference of radiative correction to electron-flavor and
muon-flavor scatterings is presented by the ratio of the two observables cross sections,
and they share the same tree level cross section in this limit, shown in Fig. 3.18. We
list the ratios with their perturbative uncertainties for neutrino energies at 0.55 GeV,
0.75 GeV and 0.95 GeV in Table 3.2.
e-flavor jet























Figure 3.17: The resummed jet observable is shown by the ratio of jet cross section
over tree level cross section. Left: electron-flavor process. Right: muon-flavor process.
e / μ ratio











Figure 3.18: Ratio of electron-flavor jet cross section over muon-flavor cross section.
Table 3.2: A table of e-flavor and µ-flavor observable cross section ratios at the heavy
nucleon limit m  Eν  M , neglecting all power corrections, with perturbative
uncertainty in parentheses for last digit.
Eν (GeV) 0.55 0.75 0.95
σe/σµ 0.9922(1) 0.9966(2) 1.0009(3)
102
ν-process e-flavor jet



































































Figure 3.19: Left: Ratio of electron jet differential cross section over tree level differ-
ential cross section. Right: Ratio of muon observable differential cross section over
tree level differential cross section. Upper: Ratios for neutrino neutron scattering
process. Lower: Ratios for anti-neutrino proton scattering process.
The ratio of electron flavor jet and muon flavor cross sections determines the
muon-neutrino oscillation net result. We find the difference of these two observables
is below ∼ 1% in the energy range 0.5 GeV to 1 GeV in the heavy nucleon limit.
3.12.4 Differential Cross Sections
Since the ratio of different flavor jet observables does not depend on the hard func-
tion, which is flavor-independent and will cancel out, let us compute the ratio using
a more physical tree level model with the universal soft function derived S` from
Eq. (3.97), Eq. (3.99), Eq. (3.103), Eq. (3.109) for `-flavor lepton, and jet function J `












where we neglect α order hard function, since it is the same for e-flavor and µ-flavor
processes and numerically small at µh. The uncertainty of this procedure will be





The jet and soft functions suffer large logarithms at µh and we use renormalization




































Figure 3.20: Ratio of electron jet differential cross section over muon observable
differential cross section. Left: Ratios for neutrino neutron scattering process. Right:
Ratios for anti-neutrino proton scattering process.







with H(µl)/H(µh) for electron-flavor taken from exponentiation of Eq. (3.138), elec-








v (µl) , (3.178)
with H(µl)/H(µh) for muon-flavor taken from exponentiation of Eq. (3.140).















2) = F p1 (q
2)− F n1 (q2) (3.180)
F V2 (q
2) = F p2 (q









































Table 3.3: A table of integrated e-flavor and µ-flavor observable cross section ratios
including radiative corrected cross section ratios and tree level ratios with dipole form
factors tree level model, with perturbative uncertainty in parentheses for last digit.









0.6 1.0141(6) 1.0246 1.0119(7) 1.0202
1 1.0059(8) 1.0088 1.0094(8) 1.0096
2 1.018(2) 1.0032 1.021(2) 1.0039
Table 3.4: A table of integrated e-flavor and µ-flavor observable cross section ratios
including radiative corrected cross section ratios and tree level ratios in the heavy
nucleon limit with lepton mass power corrections, with perturbative uncertainty in
parentheses for last digit.














, 〈r2E〉 = −0.1161 fm2 , (3.186)
GpM(0) = µp = 2.793 , G
n
M(0) = µn = −1.913 , (3.187)
M = (939.57 + 938.27)/2 MeV , mπ = 139.57 MeV , (3.188)
Λ2A = 1 GeV
2 , Λ2 = 0.71 GeV2 , gA = −1.27 , (3.189)
where the parameters are taken from Ref. [152].




between radiative corrected differential cross section
over leading order differential cross section in Fig. 3.19, where the leading order cross
section is the tree level cross section with hadronic model Eq. (3.179). The ratio of
electron jet differential cross section over muon observable differential cross section
is shown in Fig. 3.20. The tree level ratio of electron-flavor process over muon-flavor
process also varies with momentum transfer Q2, which is shown in Fig. 3.20 as a solid
line for comparison with the radiative corrected results, the bands. Neutrino energy
is taken at Eν = 2 GeV, cone size θ = 10
◦ and soft energy threshold ∆E = 20 MeV.
We compute the integrated cross sections from these differential cross sections,
still for the cone size θ = 10◦ and soft energy threshold ∆E = 20 MeV but for a few
different energies Eν = 0.6, 1, 2 GeV, tabulated in Table 3.3.
We also compute the integrated cross sections from the differential cross sections
in the heavy nucleon limit, with tree level cross section taken from Eq. (3.32) and all
lepton mass power corrections in the endpoints Q2min, Q
2
max retained. The results are
listed in Table 3.4. We find that the lepton mass power correction m2/E2ν at tree level
can be as large as percent level for small neutrino energy. However, if we subtract
the tree level ratio from the radiative corrected ratio, the pure radiative correction
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agrees with that in Table 3.2, which has a tree level ratio identical to 1. The difference
between Table 3.4 and Table 3.2 represents the lepton mass power correction effects.
3.13 Conclusion
We have applied factorization theorem and soft-collinear effective field theory to in-
vestigate the radiative correction to the neutrino nucleon elastic charged current
scattering. The soft function and jet function do not depend on hadronic physics,
but are flavor dependent via different charged leptons’ masses. For a jet observable,
the hard function relies on hadronic physics but will be canceled when we consider the
ratio of electron and muon neutrino charged current elastic scattering cross sections
since it is flavor-independent.
To determine the neutrino oscillation signal in the long baseline experiments, the
ratio between electron and muon flavor neutrinos interaction cross sections in the
detector is needed. For jet-like observables, it could be computed perturbatively,
insensitive to hadronic physics. For jet-like observables, e-flavor observable contains
double logarithm log (Eν/∆E) log θ and does not suffer lepton mass logarithm, while
µ-flavor observable exhibits lepton mass logarithm log (Eν/m) log (Eν/∆E). In the
heavy nucleon limit, the ratio of electron and muon jet observables is about 0.99 to
1 for incoming neutrino energy range from 0.5 GeV to 1 GeV. For physical tree level
processes, the radiative corrected jet observable differential cross sections ratio has
been computed and the integrated cross section ratio is about 1.01 to 1.02 for incoming
neutrino energy range from 0.6 GeV to 2 GeV. The ratio being close to 1 is the
accidental cancellation between e-flavor and µ-flavor different double logarithms with
similar numerical values. For an inclusive observable, radiative correction contributes
equally to electron and muon flavor processes in the heavy nucleon limit, causing no
effect except lepton mass power corrections.
Copyright c© Qing Chen, 2021.
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Appendix A Feynman Rules for HWET










p2 − (p · v)2




























T̃ 3 −Q sin2 θW
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Appendix B QCD β-function and Quark Mass Anomalous Dimension





































































































































Appendix C Field Strength Renormalization in SCET
Figure C.1: QED self-energy diagram for a massive fermion.















γµ/lγµ + (1− x)(2− d)/p+md
(l2 −∆)2 , (C.1)


















































where we have used the bare coupling and renormalized MS coupling relation
e2bare
4π











Therefore, the field strength renormalization for a relativistic QED particle is















For a heavy non-relativistic QED (NRQED) particle, the one-loop self-energy






[M(v2 − 1) + 2v · L+ i0] (L2 − λ2 + i0)
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(l2 −∆)2 , (C.5)









































Therefore, the field strength renormalization for a heavy NRQED particle is











For the soft function calculation in the SCET, we treat the fermion heavy and the
field strength renormalization for it is the same as NRQED result
Zsl = Z
s











Figure C.3: QED self-energy diagram for a collinear fermion.
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/L⊥ + /p⊥ −m
n̄ · (L+ p) γ
µ⊥ +
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2 − (n · L)(n̄ · L)−m2
(L2 −m2)(L− p)2(n̄ · L) + (d− 2)
p2 − (n · p)(n̄ · p)−m2
(L2 −m2)(L− p)2(n̄ · p)2
·n̄ · L+ (4− 2d)
[
L · p− 1
2
(n · p)(n̄ · L)− 1
2
(n · L)(n̄ · p)
]
+ 2dm2
(L2 −m2)(L− p)2(n̄ · p)
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(C.9)
































− (d− 2)(n · p)(n̄ · p)I2 + (d− 2)
[
I1
−(n · p)(n̄ · p)I2
]
+ (4− 2d)I1 + (4− 2d)
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where we appplied ξ̄n/n/̄nξn/4 = ξ̄nξn for a collinear field ξn.
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Appendix D Phase Space Integration
D.1 Tree Level Phase Space Integration
The tree level process is
νl(k) + n(p)→ l−(k′) + p(p′) ,
ν̄l(k) + p(p)→ l+(k′) + n(p′) . (D.1)









(2π)4δ(4)(p′ + k′ − p− k) . (D.2)
We define the momentum transfer q = p′ − p, in the laboratory frame for fixed
nucleon target, dp′ = dq, Ep′ = M − q
2
2M











(2π)4δ(Eν − Ek′ +
q2
2M











































where α is the angle between vector q and k′, and ml is the final lepton mass.
D.2 Collinear Phase Space Integration
We define momentum of each particle as
ν(pν) + n(pn)→ p(P ) + e(p) + γ(k) (D.4)












(2π)4δ(EP + Ep + Ek − Eν − En)
δ(3)(P + p + k− pν − pn) (D.5)
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In the collinear limit, call the sum of electron and photon momenta p′, and intro-
duce a splitting ratio z so that
p′ ≡ p+ k (D.6)
where
|p| ' (1− z)Ep′ (D.7)
|k| ' zEp′ (D.8)
up to order O(m/Ep′) corrections.
Then the phase space of electron contains (choosing the direction of p to be the







= (1− z)3|p′|2d|p′|dΩ− (1− z)2|p′|3dzdΩ (D.9)
The phase space of photon contains (photon has a relative angle θ to ẑ-axis, which







= zd|p′|d2k⊥ + |p′|dzd2k⊥ (D.10)
where d2k⊥ = E2kd cos θdφ is the area element of a small disk perpendicular to ẑ-axis.
Then we combine the phase space of electron and photon Eq.(D.9) and Eq.(D.10)


























E2p′z(1− z)dzd cos θ · π (D.12)








E2p′z(1− z)dzd cos θ · π · (2π)4δ(EP + E ′p − Eν − En)















πz(1− z)E2p′dzd cos θ
(2π)3
(D.13)
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